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2 CIRRELT, École Polytechnique de Montréal,
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Abstract. The paper investigates the relationship between counting the
lattice points belonging to an hyperplane and the separation of Chvátal-
Gomory cutting planes. In particular, we show that counting can be
exploited in two ways: (i) to strengthen the cuts separated, e.g., by the
classical procedure of Gomory, and (ii) to heuristically evaluate the ef-
fectiveness of those cuts and possibly selecting only a subset of them.
Empirical results on 0-1 Integer Programming instances are presented.
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1 Introduction

We consider the Integer Linear Program (ILP) problem

min{cTx : Ax ≤ b, x ≥ 0 integer} (1)

where A is a m × n matrix, b ∈ IRm, and c ∈ IRn and we assume that (A, b) is
an integer matrix. In addition, we consider two associated polyhedra:

P := {x ∈ IRn
+ : Ax ≤ b} (2)

PI := conv{x ∈ Zn
+ : Ax ≤ b} = conv(P ∩ Zn). (3)

Cutting plane generation is one of the most useful ingredients for solving ILPs
and, more generally, Mixed Integer Linear Programming (MILP) problems, i.e.,
the general problems in which some of the variables are not restricted to assume
integer values (see, Lodi [10] and Linderoth and Lodi [9] for dedicated surveys
on MILP computation and software, respectively). Roughly speaking, a cutting
plane, or cut in short, is a (redundant) linear inequality which is valid for PI ,
i.e., does not cut off any feasible solution of the ILP at hand, and is violated by
some solutions in P . In particular, the separation problem

“given a feasible solution x∗ of the LP relaxation (2) which is not feasible
for the ILP (1), find a linear inequality αTx ≥ α0 which is valid for (3),
i.e., satisfied by all feasible solutions x̄ of the system (1), while it is
violated by x∗, i.e., αTx∗ < α0,”
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is iteratively solved and the cuts are added to P to improve the approximation.

A famous class of cutting planes for ILP is the classical Chvátal-Gomory
(CG) cut family [8, 5]. A CG cut is a valid inequality for PI of the form

buTAcx ≤ buT bc , (4)

where u ∈ Rm
+ is called the CG multiplier vector, and b·c denotes lower integer

part. It was proved by Eisenbrand [7] that separation of a generic x∗ ∈ P is
NP-hard, but, in the special case in which x∗ is fractional vertex of P associated
with a certain basis B (say) of (A, I), Gomory [8] has shown that it can be cut
off by the CG cut in which u is chosen as the i-th row of B−1, where i is the
row associated with any fractional component of x∗.

Roughly speaking, a CG cut is derived by:

(i) combining with non-negative multipliers other valid constraints, i.e., uTAx ≤
b is clearly valid for PI , as well as its weakened version buTAcx ≤ uT b, and

(ii) shifting the inequality buTAcx ≤ uT b towards the interior of the polyhedron
until it touches the first integral point, so as to to obtain buTAcx ≤ buT bc.
The validity of shifting argument is guaranteed by the integrality of x.

It is easy to see that the integer points encountered by the inequality of step (i)
above during the shifting of step (ii) do not necessarily belong to PI .

Contribution of the paper. Although for decades the research focus for (M)ILPs
has been on finding new families of cutting planes and separate them efficiently,
nowadays it seems that the focus might be shifted on the cut selection, i.e., choos-
ing within a large set of cutting planes to be separated or already separated, a
small(er) set with the simultaneous goals of (1) improving the approximation,
and (2) keeping the size of the LP relaxation small (to speed up the LP com-
putation and avoid numerical troubles). A few attempts have been made in the
literature in this direction (see, e.g., [1, 2, 13]) but the topic is mostly unexplored.

In this paper we discuss some ideas on cut selection (for the special case of
CG cuts while some extensions are briefly discussed in Section 4) originated by
the recent and sophisticated work on counting lattice points developed in several
research areas (see, e.g., Issue 81 of Optima [4]). The basic (simple) idea is as
follows: we want to use the number of integer points to which a CG cut is simul-
taneously tight (satisfied at equality) as a quality measure of the cut itself, i.e.,
to discriminate among the CG cuts solving the separation problem at a given
iteration which are the most promising to be part of the continuous relaxation
of the next iteration. In particular, at a first glance, it seems reasonable to think
that the higher the number of integer points the better, but we will show in the
computational section that it might make sense to select (also) cuts with few
tight integer points. This is conceivable for two reasons. First, the way in which
we count the number of lattice points explicitly uses the bound on the variables.
However, it might very well be that not only a tight integer point does not belong
to PI (as anticipated above) but in addition does not satisfy the bounds. If this is
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the case for all lattice points tight to a cut, then our counting procedure gives us
a natural way of strengthening the cut by further shifting it (see Section 2). We
have noticed that such a cut becomes generally strong. Second, we empirically
observed that cuts tight to few integer points are much sparser than those tight
to many. In other words, selecting cuts tight to few lattice points keeps the LP
relaxation sparse, which is a known criterion to control numerics and speed up
the LP computation.

The paper is organized as follows. In Section 2 we present the algorithm we
use for counting lattice points and we show how to possibly exploit the counting
information in the cut generation and selection. In Section 3 we present prelimi-
nary computational results on ILPs from the literature. Some short conclusions
are drawn in Section 4 outlining open questions and potential research directions.

2 Counting for Cutting

Given an inequality in the form (4), we are interested in counting the number
of lattice points to which the inequality is tight, i.e., that satisfy the inequality
at equality. We restrict the description to the case in which the variables of the
ILP (1) are bounded. In such a case, the problem reduces to count the number
of feasible solutions of the system

αTx = β, ` ≤ x ≤ u, x integer, (5)

where α, β, `, u are integer vectors.
In his paper on propagating knapsack constraints using dynamic program-

ming, Trick [11] mentions that counting the number of solutions of knapsack
constraints can be done in pseudo-polynomial time through a simple recursion.
Our approach is a direct adaptation of the latter except that since coefficients
(and possibly variables) can be negative, we first compute the largest and small-
est possible partial sums of the left hand side of (5) which can be completed to
reach β (note that this depends on the ordering of the terms). We then create
data structures of the appropriate size and restrict the state space expansion.

The algorithm previously outlined returns the number of feasible solutions of
(5) for each of the cuts which solves the separation problem at a given iteration.
We use the information in two ways.

1. If the number of lattice points tight to a specific inequality is 0, the cut can
be strengthened by reducing its right hand side. More precisely, the optimal
right hand side is the solution of the ILP

max{αTx : αTx ≤ b, ` ≤ x ≤ u integer}, (6)

which in the special case x ∈ {0, 1}n reduces to the classical Subset Sum
Problem. However, we do not solve (6) directly to strengthen the cuts since
the same recursion used for counting can be used repeatedly with different
tentative values for the right hand side. We note that a more general version
of this strengthening argument is considered in [6].
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2. The number of tight lattice points is then used as a quality measure for cut
selection. We investigated the selection of the cut with the largest number of
tight points and the reverse option, that is choosing the cut which is tight
to the smallest number of lattice points. In case it is a cut which is not tight
to any (option 1. above), the cut is strengthened before being added.

3 Empirical Results

We have conducted a preliminary set of computational experiments with a pure
cutting plane algorithm on 7 0-1 ILP instances from the MIPLIB 3.0 as shown
in Table 1. In particular, the algorithm iteratively solves the separation problem
by the classical procedure of Gomory [8] by generating a so-called round of CG
cutting planes from the tableau, selects “some” of the separated cuts and adds
them to the LP relaxation. An LP is obviously solved at each iteration.

initial lower bound optimal solution
name preprocessed value (lb.0) value (opt) %gap

harp2 Yes -74,232,132.35 -73,899,798.00 0.45
mod008 No 290.93 307.00 5.23
p0033 No 2,520.57 3,089.00 18.40
p0201 No 6,875.00 7,615.00 9.72
p0282 No 176,867.50 258,411.00 31.56
p0548 Yes 4,533.50 8,691.00 47.84
lseu Yes 947.96 1,120.00 15.36

Table 1. Seven 0-1 ILP instances from the MIPLIB 3.0. (The %gap is computed as
(opt− lb.0)/opt.)

In the first experiment we tested the impact of the strengthening procedure
on the quality of the cuts. It is well known (see, e.g., [3]) that the best method
for using CG cuts (and, more generally, Gomory Mixed-Integer cuts) is to add
them in rounds, i.e., one cut for each of the integer-constrained variable which is
basic and fractional in the current tableau. On the 7 instances in Table 1 only for
problems p0033 and p0548 could we strengthen in 1 round some cuts. Precisely,
for p0033 we strengthened 4 over 7 cuts and because of that the %gap dropped
from 17.61% to 8.18. For p0548 instead we strengthened 4 over 50 cuts, which
only slightly improved the %gap from 45.61% to 45.33.

In the second and third experiment we looked at cut selection specifically. In
Table 2(I) we compare three versions of the cutting plane procedure in which, at
each round, the most violated cut (v.most) or the cut with the largest number of
tight lattice points (v.max) or the cut with the smallest number of tight lattice
points (v.min) is selected. Only one cut per iteration for 20 iterations. It is clear
from the results that selecting the cut tight to the largest number of lattice
points does not pay off while the version tight to the smallest number of points
is competitive with the classical most violated cut selection. In fact, it is never
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%gap closed %gap closed
name v.most v.max v.min name v2.most v2.tight
harp2 4.90 0.08 0.80 harp2 6.11 9.50
mod008 6.41 1.53 3.28 mod008 5.97 3.78
p0033 0.50 0.17 54.00 p0033 46.65 54.53
p0201 15.57 6.46 15.97 p0201 15.76 18.70
p0282 0.21 0.01 0.02 p0282 0.23 0.02
p0548 3.23 0.01 3.57 p0548 3.51 3.58
lseu 5.83 3.51 41.56 lseu 8.37 40.98
average 5,24 1,68 17,03 average 12,37 18,73

(I) (II)
Table 2. Percentage gap closed: (I) three versions of cut selection, one cut per iteration,
(II) two versions of cut selection, two cuts per iteration. (The %gap closed is computed
as (lb.v − lb.0)/(opt − lb.0) ∗ 100, where lb.0 and opt are from Table 1 and lb.v is the
final lower bound value of a generic version v.)

significantly worse and twice much better. This could be explained by the fact
of being “blocked” by few(er) lattice points can be interpreted positively: in the
limit a unique tight lattice point can be the optimal vertex of PI .

In the final experiment we compared a version selecting the two most violated
cuts (v2.most) with one selecting the two cuts with largest and smallest number
of tight points (v2.tight). The results reported in Table 2(II) show that on 5
over 7 of the instances using the counting information helps to close more gap.
Clearly, this is a very limited set of experiments and more complex computation
is needed.

4 Conclusions

We have outlined and preliminary tested some ideas for using information asso-
ciated with counting lattice points to select (and strengthen) cutting planes. We
have developed and applied the method to Chvátal-Gomory cuts.

The idea of using a counting information in cutting planes can be somehow
naturally extended to other families of cuts. In particular, it is well known that
CG cuts are a special case of split cuts, where one part of the disjunction has an
empty intersection with P . Of course, one could continue testing tightness to the
cut itself (although the coefficients of the cut might be fractional, thus making
the counting algorithm of Section 2 not applicable) but it might be possible to
consider the tightness to the disjunction itself.

Finally, we observe that Zanarini and Pesant [14] and Pryor and Chinneck [12]
have recently used counting information for branching (as opposed to cutting)
but in a rather different way: in [14] the branching is shown to be most efficient
when based on the highest solution density while in [12] the smallest solution
density is clearly dominating. This seems to suggest that the way of effectively
exploiting the counting information in both branching and cutting is not clear
yet and thus need to be further investigated.
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