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Abstract. We propose two algorithms achieving generalized arc con-
sistency for the soft global cardinality constraint with variable-based
violation and with value-based violation. They are based on graph the-
ory and their complexity is O(

√

nm) where n is the number of vari-
ables and m is the sum of the cardinalities of the domains. They im-
prove previous algorithms that ran respectively in O(n(m+n log n)) and
O((n + k)(m + n log n)) where k is the cardinality of the union of the
domains.

1 Introduction

Many real-life problems are over-constrained. The tightness and the high number
of constraints can make the problems become unfeasible. In these situations it is
worth finding a solution that partially violates some constraints but that it is still
interesting for the user. Constraints can be partitioned among hard constraints
that cannot be violated, and soft constraints that can be (partially) violated.
Hard constraints are used for modelling the inherent structure of the problem and
soft constraints are more related to preferences that the user wishes to introduce
to the model. Clearly, solutions satisfying a maximum of preferences are more
interesting for the user. Different approaches deal with the concept of violation
in different ways: some methods (MAX-CSP) try to minimize the number of
violated constraints, others (Weighted-CSP [6] [7], Possibilistic-CSP [12], Fuzzy-
CSP [2] [3]) propose more granular ways to measure the level of violation. Petit
et al. in [9] proposed a new approach in which the over-constrained problem
is translated to a constraint optimization problem. It is then worth trying to
identify ad hoc filtering algorithms that can prune the variable domains on the
basis of the cost (violation). Recent work started in that direction by exploring
the area of soft global constraints. In particular van Hoeve et al. in [4] exploited
Flow Theory and proposed filtering algorithms for the soft versions of the well
known all-different, gcc, regular, and same constraints.



In this paper we present an improved algorithm for achieving generalized
arc consistency for the soft gcc (with variable based violation and value based
violation) exploiting Matching Theory, with a better complexity. Intuitively the
soft gcc constraint is violated when either

– too many variables are assigned to a value, exceeding its upper bound (pro-
ducing an overflow) or

– too few variables are assigned to a value, violating its lower bound (producing
an underflow) or

– both.

The idea of the paper is to compute separately the best possible overflow
and underflow and, since we claim they are independent, find a class of solutions
minimizing both overflow and underflow. On the basis of these best underflow
and overflow we perform filtering.

The paper is organized as follows: in Section 2 we give a brief overview of
basic notions about Constraint Satisfaction Problem and Matching Theory; in
Section 3 we formally present the soft gcc constraint and the related violation
measures; then we discuss the relationship between the violation measures and
matching theory. In Section 4 we introduce the consistency theorems and the
filtering algorithms for reaching generalized arc consistency. Finally in Section 5
conclusions are given.

2 Background

2.1 Constraint Satisfaction Problem

A Constraint Satisfaction Problem (CSP) consists of a finite set of variables
X = {x1, x2, . . . , xn} with finite domains D = {D1,D2, . . . ,Dn} such that
xi ∈ Di for all i, together with a finite set of constraints C, each on a sub-
set of X . A constraint C ∈ C is defined as a subset of the Cartesian product of
the domains of the variables that are in C. A solution to a CSP is an assignment
of a value to each variable that satisfies all the constraints.

A CSP is defined as inconsistent if no assignment that satisfies all the con-
straints exists. For these over-constrained problems it is natural to identify a
subset of constraints, defined as soft constraints, that can be (partially) violated.
The main objective is then to find a solution that minimizes the total violation
according to some criteria. Petit et al. proposed in [9] to introduce a cost vari-
able z representing the violation and an associated function that measures the
violation of a constraint:

violationC : D1 × D2 × · · · × Dn → N

Clearly, if the constraint is satisfied then z = 0, otherwise z > 0. A common
accepted measure is the variable-based cost violation (see [9]) in which the vi-
olation is measured by the minimum number of variables that need to change



their value in order to satisfy the constraint. There exists also violation measures
that are specific to a particular constraint: this is the case of the value-based
cost violation (introduced by van Hoeve et al. in [4]) that is applied in the soft
global cardinality constraint. Our work covers both variable-based violation and
value-based violation for the soft gcc constraint.

2.2 Matching Theory

In this section we recall the main results and definitions that will be used in the
rest of the paper (see [1] for further explanations).

A graph is defined as G = (V,E) where V is a set of vertices and E is a
set of unordered pairs (edges) from V . A graph is called bipartite if V can be
partitioned in two subset X and Y and all the edges are in the form e = (vi, vk)
where vi ∈ X and vj ∈ Y (i.e. there is no edge that joins two vertices of the
same subset).
A path in a graph G = (V,E) is a sequence of vertices v0, v1, . . . , vk such that
(vi, vi+1) ∈ E with i = 0, . . . , k − 1.

Definition 1 (Maximum Matching). A subset of edges in a graph G is called
matching if no two edges have a vertex in common. A matching of maximum
cardinality is called maximum matching.

Given a matching M in G, a vertex is called free vertex if it is not adjacent
to any edge of the matching M .
An alternating path with respect to a matching M (M-alternating path) is de-
fined as a path whose edges ei = (vi, vi+1) belong alternatively to E − M and
to M .
An augmenting path with respect to a matching M (M-augmenting path) is
defined as a path that starts from and ends to a free vertex, and its edges
ei = (vi, vi+1) belong alternatively to E − M (odd edges) and to M (even
edges); note that an augmenting path has an odd number of edges.
Intuitively, an augmenting path can be used to increase the number of edges that
belong to a matching. Given a matching M and an M-augmenting path P , we can
build M ′ as M ′ = M ⊕ P (the set operation ⊕ is defined as
A ⊕ B = (A − B) ∪ (B − A)), that is the odd numbered edges are added to
the matching and the even numbered edges are removed from the matching; the
resulting matching increases its cardinality, |M ′| = |M | + 1.

Theorem 1. Let M be a matching, M is maximum if and only if there is no
augmenting path relative to M.

Theorem 2. Let G be a graph and M a maximum matching in G. An edge
belongs to a maximum matching in G if and only if it either belongs to M , or to
an even M-alternating path starting from a free vertex, or to an even alternating
circuit.

Lemma 1. Given a maximum matching M in G, for any edge e = (vi, vj) in
G, there exists a matching Me such that e ∈ Me and |Me| ≥ |M | − 1



Proof. If e belongs to M then Me = M ; otherwise, starting from the matching
M , we obtain Me adding e and removing all the edges that belong to M and
that are incident to vi or vj (at most one on each). The result is a matching of
size |Me| ≥ |M | + 1 − 2.

We introduce the concept of degree degM (v) of a vertex v as the number of
edges adjacent to v that belongs to M (for the traditional definition of matching
degM (v) ∈ {0, 1}).
Theorem 3. Given a matching M in G, an M-augmenting path P and the
matching M ′ = M ⊕ P , each vertex v has degM ′(v) ≥ degM (v).

Proof. The degree of a vertex v decreases if and only if v is not free w.r.t M and
the incident edge that belongs to M is removed from the matching. For every
removed edge e = (v, vj), two new edges from P are added, incidents respectively
to v and vj , so degM (v) = degM ′(v).

Hopcroft and Karp (see [5]) described an algorithm based on Theorem 1 with
a running time complexity of O(

√
nm) where n is the number of vertices and m

the sum of the cardinalities of the domains.
In [8], Quimper et al. generalized this algorithm maintaining the same com-

plexity. In their generalization they associate to each vertex of the graph a ca-
pacity. Given a matching M , the capacity of a vertex v indicates the maximum
number of edges in M adjacent to v.

Intuitively they build a duplicated graph Gd in which every vertex with a
capacity greater than one is substituted by a number of vertices equal to the
capacity, also the edges associated to these vertices are duplicated. In this way a
traditional matching (in which all the capacities are equal to 1) in Gd corresponds
to a matching on the original graph (in which the capacities can be greater than
1).

Quimper’s approach is equivalent to the traditional one when all the capac-
ities are set to 1.

3 Soft Global Cardinality Constraint

A Global Cardinality Constraint on a set of variables specifies the minimum and
the maximum number of occurrences for each value in a solution.

Definition 2 (Global Cardinality Constraint).

gcc(X, l, u) = {(d1, d2, . . . , dn)|di ∈ Di, ld ≤ |{di|di = d}| ≤ ud ∀d ∈ DX}

A generic definition for a soft version of the gcc is:

Definition 3 (Soft Global Cardinality Constraint).

softgcc[∗](X, l, u, z) =

{(d1, d2, . . . , dn, dz)|di ∈ Di, dz ∈ DZ , violationsoftgcc[∗](d1, d2, . . . , dn) ≤ dz}

where * defines a violation measure for the gcc.



To calculate the violation measures van Hoeve et al. (see [4]) introduced the
following definitions:

Definition 4. Given a softgcc(X, l, u, z), we define for all d ∈ D

overflow(X, d) = max(|{xi | xi = d}| − ud, 0)

underflow(X, d) = max(ld − |{xi | xi = d}|, 0)

Definition 5 (Variable-based violation). Given a constraint C and a solu-
tion X̃, the variable-based violation is defined as the number of variables that
should change their value in order to satisfy C.

Lemma 2 (SoftGCC Variable-based violation). Given a softgcc, if
∑

d∈DX
ld ≤ |X| ≤

∑

d∈DX
ud then the variable based violation can be expressed

as:

violation[var](X) = max
(

∑

d∈D

overflow(X, d),
∑

d∈D

underflow(X, d)
)

Consider for example the variables x1, x2, x3 and x4 and the related domains
D1 = {1, 2}, D2 = {1, 2}, D3 = {1, 2} and D4 = {1, 2, 3}. Suppose we post the
constraint softgcc[var]({x1, x2, x3, x4}, {l1 = 0, l2 = 1, l3 = 2},
{u1 = 1, u2 = 1, u3 = 2}, z). A possible assignment is (1, 1, 2, 3) which has
an overflow equal to 1 and an underflow equal to 1; the variable-based violation
is equal to 1.

Note that it is not always possible to calculate the variable based violation.
To avoid this limitation van Hoeve et al. introduced the value-based violation
(see [4]):

Definition 6 (Value-based violation). Given a softgcc, the value-based vio-
lation is defined as:

violation[val](X) =
∑

d∈D

overflow(X, d) +
∑

d∈D

underflow(X, d)

Consider again the example mentioned above. The assignment (1, 1, 2, 3)
which has unitary overflow and underflow, has a value-based violation equal
to 2.

Van Hoeve et al. (see [4]) proposed two algorithms (one for variable-based vi-
olation and one for value-based violation) achieving generalized arc consistency
both based on flow theory. In their solution they build a value graph (similarly
to Régin in [10]) in which some arcs take into account the violations; a cost is
associated to each of these arcs. A maximum flow with minimum cost in that
graph is equivalent to a solution with minimum violation of the soft gcc.
Their algorithms have a complexity of O(n(m+n log n)) for variable-based viola-
tion and of O((n+k)(m+n log n)) for value-based violation (k is the cardinality
of the union of the domains).



3.1 Soft gcc and Matching

The main idea of this paper is to exploit matching theory to calculate two as-
signments that minimize respectively the overflow and the underflow. We prove
that it is possible to find a class of assignments that have overflow and underflow
equal to the respective bounds. Then, we figure out how the violation cost of
this class of assignments may change when we force an individual assignment
xi = d. Finally, we can perform filtering based on optimality reasoning.

Let G(X ∪ D,E) be an undirected bipartite graph (also called value graph)
such that one partition represents the variable set and the other one the value
set. There is an edge (xi, d) ∈ E if and only if d ∈ Di.

Overflow Let Go be a value graph such that the capacities of value-vertices are
set to c(d) = ud (variable-vertices have unitary capacity). Using the algorithm
described in Section 2.2, we compute a maximum matching Mo in Go. A maxi-
mum matching Mo corresponds to an assignment that should satisfy the upper
bound constraint of the gcc. If |Mo| = |X| then the matching corresponds to
a consistent assignment (w.r.t. the upper bound constraint); if |Mo| < |X| it
means that some variables cannot be assigned to a value otherwise the upper
bound constraint would be violated.
Exactly |X| − |Mo| variables must be assigned to some values that have al-
ready reached the maximum number of occurrences so the overflow is exactly
|X| − |Mo|.

Theorem 4. Given a maximum matching Mo in the graph Go, it is not possible
to find an assignment with a total overflow less than |X| − |Mo|.

Proof. Suppose that there exists an assignment X with an overflow equal to
OF < |X|− |Mo|. We build the bipartite graph that represents X and we remove
from this graph the OF edges that cause the overflow, therefore each value-vertex
d has deg(d) ≤ ud. The resulting graph can be seen as a feasible matching M ′ in
Go. Since |M ′| = |X| − OF then |M ′| > |Mo|, i.e. Mo is not maximum.

Underflow Analogously, we exploit matching theory to compute the underflow.
In this case the graph Gu is built such that the capacities of value-vertices are
set to c(d) = ld (variable-vertices have unitary capacity). Value-vertices with
capacity equal to 0 are removed from the graph together with the related edges;
in fact a value-vertex d with c(d) = 0 cannot cause underflow. A maximum
matching Mu in Gu corresponds to a partial assignment that should satisfy the
lower bound constraint of the gcc.
If |Mu| =

∑

d∈D ld then it means that for each value degMu
(d) = ld, thus there

exists at least one (partial) assignment that satisfies the lower bound constraint
(i.e. there is no underflow and no violation w.r.t. the lower bound constraint).
If |Mu| <

∑

d∈D ld then there are one or more values that do not reach the
minimum number of requested occurrences (some value vartices are still free)



and no variable can be assigned to these values.
Note that ld − degMu

(d) ≥ 0, hence by definition:

underflow(X, d) = ld − degMu
(d)

and the total underflow is:
∑

d∈D

underflow(X, d) =
∑

d∈D

ld − degMu
(d) =

=
∑

d∈D

ld −
∑

d∈D

degMu
(d) =

∑

d∈D

ld − |Mu|

Theorem 5. Given a softgcc constraint and two maximum matchings Mo and
Mu, respectively in Go and Gu, it is possible to build a class of assignments
with overflow equal to BOF = |X| − |Mo| (best overflow) and underflow equal
to BUF =

∑

d∈D ld − |Mu| (best underflow).

Proof. We compute a maximum matching Mu in Gu whose underflow is equal to
BUF . The matching Mu is clearly a feasible matching (probably not maximum)
also in Go because all the capacities of Go are greater than those of Gu. Starting
from Mu we compute the maximum matching Mo in Go whose overflow is equal
to BOF . As stated in Theorem 3, when we compute a matching, the degree of
each vertex does not decrease, hence the underflow of Mo in Go remains equal
to BUF .
If |Mo| < |X| then there exists a set XOF of unassigned variables, that is, there
is no edge in Mo adjacent to the variables in XOF . These variables cause the
overflow and, in the final solution, can be assigned to any value in their respective
domain.

In order to develop a filtering algorithm, it is worth figuring out how overflow
and underflow may change (w.r.t. the bounds of Theorem 5) when we try to
force an individual assignment xi = d. They change depending on whether the
edge (xi, d) belongs to a maximum matching in the graphs Go and Gu or not;
intuitively if it belongs to a maximum matching the overflow (or underflow) does
not change otherwise it increases by 1 (see Lemma 1).

Theorem 6. Given a softgcc constraint, an individual assignment xi = d and
a solution X̃ with xi = d that minimizes the overflow (OF ) and the underflow
(UF ) then BOF ≤ OF ≤ BOF + 1 and BUF ≤ UF ≤ BUF + 1 where BOF

is the best overflow and BUF the best underflow.

Proof. Let Go and Gu be the overflow and underflow graphs and Mo and Mu

the related maximum matchings. Suppose we remove from Go (overflow graph)
and Gu (underflow graph) the vertex xi (and the related edges) and decrease ud

and ld by 1; we call the resulting graph G′

o and G′

u. This is equivalent to forcing
xi = d in the final assignment. Then we find the maximum matching M ′

o in G′

o

and M ′

u in G′

u, clearly their cardinalities can be at most |M ′

o| = |Mo| − 1 and
|M ′

u| = |Mu| − 1. Hence:



– if |M ′

o| = |Mo| − 1 and |M ′

u| = |Mu| − 1 then xi = d belongs to a maximum
matching both in Go and in Gu and the assignment has OF = BOF and
UF = BUF ;

– if |M ′

o| = |Mo| − 1 and |M ′

u| < |Mu| − 1 then xi = d belongs to a maximum
matching in Go but not in Gu and the assignment has OF = BOF and
UF = BUF + 1 (equivally if xi = d belongs to a maximum matching in Gu

but not in Go);
– if |M ′

o| < |Mo| − 1 and |M ′

u| < |Mu| − 1 then xi = d does not belong to a
maximum matching in Go nor in Gu and the assignment has OF = BOF +1
and UF = BUF + 1.

In Figure 1 we give an example of the concepts explained above. Figure 1a
shows the value graph of a global cardinality constraint; the variable domains are
D1 = D2 = D3 = D4 = D5 = {v1, v2}, D6 = {v3, v4}, D7 = {v2, v3}, D8 = D9 =
{v4, v5}; for each value the minimum and the maximum number of occurences
are indicated between parenthesis. Figure 1b and 1c show respectively Go and
Gu and the related maximum matchings. In details, the maximum matching Mo

in Go has an overflow equal to |X| − |Mo| = 1; as we can see x5 causes the
overflow since it is not assigned w.r.t. Mo. The maximum matching Mu in Gu

has an underflow equal to
∑

d∈D ld − |Mu| = 1 and the underflow is caused by
the value v5. Then it is possible to find a solution that minimizes overflow and
underflow (figure (d)): this assignment has a variable-based violation equal to 1
and a value-based violation equal to 2.

4 Consistency and Filtering Algorithms

In this section we explain the basis to reach generalized arc consistency and we
show the filtering algorithms for the variable-based and value-based violations.
Our approach is similar to the one proposed by Petit et al. in [9] for the Soft
All-Different constraint.

Briefly, we recall that the variable z represents the cost of the violation and
Dz its domain; during the search max Dz represents the maximum violation
allowed; the objective is to minimize z in order to minimize the total violation.
Moreover, we recall that variable-based violation is equal to

max
(

∑

d∈D overflow(X, d),
∑

d∈D underflow(X, d)
)

and that value-based vi-

olation is equal to
∑

d∈D overflow(X, d) +
∑

d∈D underflow(X, d).

4.1 Variable Based Violation

Theorem 7. Let Go and Gu be the value graphs with respectively upper and
lower bound capacities and let Mo and Mu be maximum matchings respectively
in Go and Gu; let BOF and BUF be respectively BOF = |X| − |Mo| and
BUF =

∑

d∈D ld − |Mu|. The constraint softgcc[var](X, l, u, z) is generalized
arc consistent on X if and only if min Dz ≤ max(BOF , BUF ) and either:



Fig. 1. (a) GCC bipartite graph (for each value, upper and lower bound are indicated
between parenthesis). (b) Maximum Matching in Go. (c) Maximum Matching in Gu.
(d) Possible solution with minimum violation.

1. max
(

BOF , BUF
)

≤ (max Dz − 1) or

2. if
(

BOF = max Dz

)

and
(

BUF ≤ (max Dz − 1)
)

and all edges in Go belong to a maximum matching
or

3. if
(

BOF ≤ (max Dz − 1)
)

and
(

BUF = max Dz

)

and all edges in Gu belong to a maximum matching or

4. if
(

BOF = BUF = max Dz

)

and all edges in Gu and in Go belong to a max-

imum matching in Gu

Proof. In the first case we can build an assignment with violation[var] strictly
less than max Dz; from Theorem 6 the change of a single variable can cause a
unitary increase of the overflow and underflow hence the total violation is still



less or equal to max Dz.
In the second case (resp. third case) if the overflow (resp. underflow) is equal to
max Dz then all the edges must belong to a maximum matching in Go (resp.
in Gu) such that there is no violation increase; from Theorem 6 we know that
an edge that does not belong to a maximum matching would cause an overflow
(resp. underflow) increase making it greater than max Dz.
In the last case the only way for not having a violation increase is that all edges
belong to a maximum matching both in Go and in Gu.

Filtering algorithm Firstly we compute the maximum matchings Mo in Go

and Mu in Gu. If the overflow or underflow is greater than max Dz then we fail
because the best possible solution is worse than the maximum allowed violation.
If BOF = |X| − |Mo| < max Dz and BUF =

∑

d∈D ld − |Mu| < max Dz then
all the values are consistent.
In the case of |X|−|Mo| = maxDz we can remove all the edges that do not belong
to a maximum matching in Go; from matching theory (Theorem 2), we know that
an edge can be part of a matching iff it belongs to a strongly connected compo-
nent (alternating circuit) or it lies on an alternating path of even length starting
from or leading to a free vertex. Analogously, if
∑

d∈D ld − |Mu| = max Dz we remove all the edges that do not belong to a
maximum matching in Gu. Finally, we update the bound of the violation vari-
able, if necessary (min Dz = max(BOF , BUF )).

The maximum matchings can be computed in O(
√

nm) through Quimper’s
adaptation of Hopcroft-Karp’s algorithm (where n is the number of variables and
m the sum of the cardinalities of the domains); the running time for computing
strongly connected components is O(n + m) and for finding alternating paths is
O(m), hence the overall complexity can be bounded by O(

√
nm).

Note that if all the values have ud equal to 1 then the GCC is equivalent to
the All-Different constraint; in that case the solution proposed is equivalent to
Petit et al.’s solution for the Soft All-Different with variable based violation (see
[9]).

Consider again the example given in Section 3 and suppose that maxDz = 1.
We briefly recall that D1 = D2 = D3 = {1, 2}, D4 = {1, 2, 3} and that the values
(1, 2, 3) have lower bounds and upper bounds respectively of (0, 1, 2) and (1, 1, 2).
Firstly we compute a maximum matching in Go: Mo = {(x1, 1), (x2, 2), (x4, 3)};
thus the overflow is OF = |X|−|Mo| = 1. Then we compute a maximum match-
ing in Gu: Mu = {(x1, 2), (x4, 3)}; the underflow is
UF =

∑

d∈D ld − |Mu| = 1. Since both the overflow and the underflow are
equal to max Dz then we prune all the edges that do not belong to a maximum
matching in Go and/or in Gu. In particular, all the edges belong to a maxi-
mum matching in Go; the edges (x4, 1) and (x4, 2) do not belong to a maximum
matching in Gu, so they can be pruned; in fact if x4 would have been equal to
1 (or 2) then the underflow would have been equal to 2 (caused by the value 3).



4.2 Value Based Violation

Theorem 8. Let Go and Gu be the value graphs with respectively upper and
lower bound capacities and let Mo and Mu be maximum matchings respectively
in Go and Gu; let BOF and BUF be respectively BOF = |X| − |Mo| and
BUF =

∑

d∈D ld−|Mu|. The constraint softgcc[val](X, l, u, z) is generalized arc
consistent on X if and only if min DZ ≤ BOF + BUF and either:

1. BOF + BUF < (max DZ − 1) or
2. if BOF + BUF = (max DZ − 1) and all edges belong to a maximum matching

at least in one of Go or Gu or
3. if BOF + BUF = max DZ and all edges belong to a maximum matching both

in Go and in sGu

Proof. We start from the best solution found following Theorem 5. From this
solution a single change of a variable can cause in the worst case a violation
increase equal to 2 (Theorem 6). So in the worst case the total violation is less
or equal to max DZ hence all the values are consistent.
If the overall violation is equal to max DZ − 1 then we have to verify that all
the edges belong to at least a maximum matching; for Theorem 6 the maximum
violation increase would be at most equal to 1, hence the total violation remains
less or equal to max DZ .
If the overall violation is equal to max DZ and all the edges belong to a maxi-
mum matching in both Go and Gu then there would be no increase in the total
violation so the constraint remains feasible.

Filtering algorithm Firstly we compute the maximum matchings Mo in Go

and Mu in Gu. We denote with S(OF,UF ) the sum of overflow and underflow.
If S(OF,UF ) is greater than maxDz then we fail because the best possible solution
is worse than the best current solution found.
If S(OF,UF ) < max Dz − 1 then all the values are consistent. In the case of
S(OF,UF ) = max Dz − 1 we can remove all the edges that belong neither to a
maximum matching in Go nor in Gu.
If S(OF,UF ) = max Dz then we remove all the edges that do not belong to a
maximum matching in Go and/or in Gu.
Finally, we update min Dz, if necessary (min Dz = S(OF,UF )).

The overall complexity is analogous to the variable-based algorithm, that is
O(

√
nm).

Following the example shown in Figure 1, suppose that max Dz = 3.
Instead, if we consider the value-based violation, we have to remove all the edges
that belong neither to a maximum matching in Go nor in Gu. In particular
focusing on Go, the edges e1 = (x7, v2) and e2 = (x6, v3) belong neither to an
alternating circuit nor to an alternating path starting from or leading to a free
vertex. This means that they do not belong to a maximum matching in Go.
Analyzing Gu, the situation is analogous. Hence, e1 and e2 cause an increase



equal to 2 of the total violation (unitary increase of overflow and of underflow).
Forcing e1 (or e2) to be in a solution, the resulting value-based violation is 4
then e1 (resp. e2) is inconsistent and can be pruned.

5 Conclusion

We have presented two algorithms for reaching generalized arc consistency in
the Soft Global Cardinality Constraint with variable-based violation and value-
based violation. They check the consistency of the constraint with a running
time complexity of O(

√
nm) and they prune inconsistent values in O(m + n)

where n is the cardinality of the set of variables and m =
∑

i |Di|. We outper-
form previous algorithms that ran in O(n(m + n log n)) (variable-based viola-
tion) and O((n + k)(m + n log n)) (value-based violation) for constraint consis-
tency check and in O(∆(m + n log n)) for domain pruning where ∆ = min(n, k)
(k = |⋃i Di|).
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