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Abstract. Counting-based branching heuristics such as maxSD were
shown to be effective on a variety of constraint satisfaction problems.
These heuristics require that we equip each family of constraints with
a dedicated algorithm to compute the local solution density of variable
assignments, much as what has been done with filtering algorithms to
apply local inference. This paper derives an exact polytime algorithm to
compute solution densities for a spanning tree constraint, starting from
a known result about the number of spanning trees in a graph. We then
empirically compare branching heuristics based on that result with other
generic heuristics.

1 Introduction

Constraint programming is a powerful approach that can be used to solve com-
binatorial problems. However its success depends heavily on heuristics that can
guide the search toward promising areas of the search tree. One can design a
heuristic dedicated to the particular problem at hand or rely on out-of-the-box
generic heuristics that have shown good performance on a variety of problems.
The last decade has witnessed renewed interest in the design of robust generic
branching heuristics (e.g. [9, 6]). In particular Zanarini and Pesant[15] introduced
branching heuristics based on the concept of solution density, i.e. the proportion
of solutions local to a constraint featuring a given variable-value assignment.

Definition 1 (solution density). Given a constraint c(x1, . . . , xn), its number

of solutions #c(x1, . . . , xn), respective finite domains Di 1≤i≤n, a variable xi in

the scope of c, and a value d ∈ Di, we will call

σ(xi, d, c) =
#c(x1, . . . , xi−1, d, xi+1, . . . , xn)

#c(x1, . . . , xn)

the solution density of pair (xi, d) in c. It measures how often a certain assign-

ment is part of a solution to c.

Specialized algorithms have been designed to compute solution densities for sev-
eral families of constraints[8]. In this paper we propose an exact polytime algo-
rithm that computes solution densities for a spanning tree constraint.



Definition 2 (Spanning Tree Constraint (adapted from [4])). Given an

undirected graph G(V,E) and set variable T ⊆ E, constraint spanningTree(G,T )
restricts T to be a spanning tree of G.

For the sake of conforming to the previous definition of solution density, espe-
cially important if we are to allow the combination of solution density informa-
tion from different constraints, we instead represent T as an array of boolean
variables.

The rest of the paper is organized as follows: Section 2 exposes the related
work, Section 3 describes our algorithm to compute solution densities for the
spanning tree constraint, Section 4 discusses how our data structures are updated
in the course of backtrack search, and Section 5 provides supporting empirical
evidence of branching based on solution density.

2 Related work

Research in the CP community about imposed tree structures has focused so
far on filtering algorithms and not on branching heuristics. Beldiceanu et al.[2]
introduced the tree constraint, which addresses the digraph partitioning prob-
lem from a constraint programming perspective. In their work a constraint that
enforces a set of vertex-disjoint anti-arborescences is proposed. They achieve do-
main consistency in O(nm) time, where n is the number of vertices and m is
the number of edges in the graph. Their pruning relies on the identification of
strong articulation points in the graph and of roots and sinks (to evaluate the
minimum and maximum number of trees required to partition the graph).

Dooms and Katriel[3] introduced the MST constraint, requiring the tree vari-
able to represent a minimum spanning tree of the graph on which the constraint
is defined. Many variants of the minimum spanning tree problem, such as mini-
mum k-spanning tree and Steiner tree are known to be NP-hard, even though its
basic version can be solved in polynomial time. Those problems can be modeled
by combining the MST constraint and other constraints. The authors proposed
polytime bound consistent filtering algorithms for several restrictions of this con-
straint. They proceed by classifying edges in three sets: mandatory, possible, and
forbidden. Afterwards Dooms and Katriel[4] proposed a weighted spanning tree
constraint, in which both the tree and the weight of the edges are variables,
and considered several filtering algorithms. In their work a set variable is used,
indicating which edges are tree edges.

The filtering proposed by Dooms and Katriel[4] was then simplified and im-
proved by Régin[10], who proposed an incremental filtering algorithm by main-
taining a connected component tree which represents disjoint trees merging op-
erations in Kruskal’s algorithm, and by computing lowest common ancestors on
that tree. Domain consistency was thus achieved in O(m + n log n) time. Subse-
quently, Régin et al.[11] improved the time complexity of that filtering and also
considered mandatory edges.



3 Computing Solution Densities

The Laplacian matrix L(G) of a graph G is formed by subtracting the adjacency
matrix of G from the diagonal matrix whose ith entry is equal to the degree of
vertex i in G. Henceforth for notational convenience we will refer to it simply as
L. For example Figure 1 shows a graph and its Laplacian matrix.

1

2 3

4

L =

0

B

B

@

3 −1 −1 −1
−1 2 −1 0
−1 −1 3 −1
−1 0 −1 2

1

C

C

A

Fig. 1. The kite graph and its Laplacian matrix.

The (i, j)-minor of a square matrix M , denoted Mij , is the determinant of
the sub-matrix obtained by removing from M its ith row and jth column. The
Laplacian matrix has the interesting property that its (i, j)-minor, for any row
i and column j, is equal to the number of spanning trees of the corresponding
graph.

Theorem 1 (Kirchhoff’s Matrix-Tree Theorem [13]). Denote by τ(G) the

number of spanning trees of graph G on n vertices. For any 1 ≤ i, j ≤ n,

τ(G) = Lij .

So the number of solutions to a spanningTree constraint can be computed as
the determinant of a (n − 1) × (n − 1) matrix, in O(n3) time.

If we remove the first row and column of the Laplacian matrix at Figure 1,
the resulting minor is 2× (3× 2− (−1)× (−1))− (−1)× (−1× 2− (−1)× 0) = 8
and one can easily verify that there are eight possible spanning trees for that
graph.

But we are interested in computing the solution density of an edge (i, j) ∈ E.
One way to approach this is by counting the number of spanning trees not using
that edge, τ(G\{(i, j)}), and then dividing that by the total number of spanning
trees, yielding the solution density of the corresponding variable being assigned
value 0 (i.e. (i, j) /∈ T ):

σ((i, j), 0, spanningTree(G,T )) =
τ(G \ {(i, j)})

τ(G)
.

Let L′ = L(G \ {(i, j)}). How different is L′ from L? It will be identical
except for entries ℓii, ℓjj , ℓij , and ℓji. Since we can choose any row and column
of L to compute our minor, consider removing row and column i. Then the only
difference is ℓ′jj = ℓjj − 1. The Sherman-Morrison formula [12] tells us that if



M ′ is obtained from matrix M by replacing its jth column, (M)j , by column
vector u then

det(M ′) = (1 + e⊤j M−1(u − (M)j))det(M).

In our case (u − (M)j) = −ej so the right-hand side of the previous equation
simplifies to (1 − e⊤j M−1ej)det(M) = (1 − m−1

jj )det(M). So finally we have

σ((i, j), 0, spanningTree(G,T )) =
L′

ii

Lii

=
(1 − m−1

jj )Lii

Lii

= 1 − m−1

jj ,

and of course

σ((i, j), 1, spanningTree(G,T )) = m−1

jj .

Computing solution densities turns out to be quite simple: for each edge (i, j)
incident with vertex i such that j < i (respectively j > i), the corresponding
value is the jth (respectively (j − 1)th) entry on the diagonal of the inverse of
M , the sub-matrix of Laplacian matrix L obtained by removing its ith row and
column. Repeating this from every vertex of a vertex cover of G provides solution
densities for every edge. If γ is the size of the vertex cover used then the whole
procedure takes O(γn3) time.

Example 1. Let M be the sub-matrix of L obtained by removing its first row
and column as before. Then

M−1 =





5/8 2/8 1/8
2/8 4/8 2/8
1/8 2/8 5/8





and the solution density of edges (1, 2), (1, 3), and (1, 4) being used in T is
respectively 5

8
, 4

8
, and 5

8
.

4 Integration into Backtrack Search

In this section we describe some of the implementation details and issues. As
branching decisions are made and domain filtering is applied, some edges of G
will be required in T and others, forbidden. These changes must be reflected in
our data structures. Our data structures are reversible so that they are restored
upon backtracking.

We use a heuristic greedy algorithm to compute our initial vertex cover —
it may be worthwhile spending the time to compute a minimum vertex cover
but that cover will need to be revised as vertices are merged following edge
contractions. A simple way to update a vertex cover containing vertex j when
edge (i, j) is contracted is to replace it with vertex i.



4.1 Updating the Laplacian Matrix

If edge (i, j) is forbidden it is simply removed from the graph. To reflect that
in the Laplacian matrix we simply add one to entries ℓij and ℓji. The degree of
each endpoint is also updated by subtracting one to ℓii and ℓjj .

If edge (i, j) is required we contract it in the graph, so that (i, j) is implicitly
part of the spanning tree. To update the Laplacian matrix we start by adding
to vertex i all the edges (j, k): ℓik ← ℓik + ℓjk. This may create multiple edges.
The degree of vertex i, ℓii, is also updated accordingly. Then, since vertex j is
now merged with i, we remove all the edges connected to it, by setting to zero
row and column j of the Laplacian matrix. Finally we set ℓjj to 1 so that minors
will be computed correctly when they include row and column j.

Example 2. Recall Figure 1 and suppose edge (1, 2) is now required for the span-
ning tree: we contract it and merge vertex 2 with 1. The new Laplacian matrix
will be (note the double edge (1, 3)):

L =









3 0 −2 −1
0 1 0 0

−2 0 3 −1
−1 0 −1 2









4.2 Updating Solution Densities

The solution densities will change and we would like to avoid recomputing them
from scratch. Given the inverse of matrix M can we incrementally compute
the inverse of a slightly different matrix M ′? The Sherman-Morrison formula

further reveals that if M ′ is obtained from M by replacing its ith column, (M)i,
by column vector u as before then

M ′−1 = M−1 −
(M−1(u − (M)i))(e

⊤
i M−1)

1 + e⊤i M−1(u − (M)i)
.

This can be computed in O(n2) time.
In some cases we can lower that time complexity considerably. Consider

forbidden edge (i, j). For any edge (i, k) whose solution density was obtained
through the inverse of a sub-matrix removing row and column i from L, remov-
ing edge (i, j) only changes one entry in that sub-matrix, as we saw before, and
the previous formula simplifies to

M ′−1 = M−1 −
(M−1 · (−ej)) · (e

⊤
j · M−1)

1 − m−1

jj

= M−1 +
1

1 − m−1

jj

· Q

where Q = (qhk) is an (n−1)×(n−1) matrix with qhk = m−1

hj ·m−1

jk . Because we

only need the kth entry on the diagonal, m−1

kk + (m−1

kj )2/(1 − m−1

jj ), the update
for that edge takes constant time. What preceded equally applies for any edge
(j, k) with a sub-matrix removing row and column j from L.



Example 3. Recall that for the graph at Figure 1 the solution density of edge
(1, 4) is 5

8
. Suppose edge (1, 2) is now forbidden in the spanning tree. The updated

solution density will be 5

8
+ (m−1

42 )2/(1 − m−1

22 ) = 5

8
+ (1

8
)2/(1 − 5

8
) = 2

3
.

5 Experiments

To demonstrate the effectiveness of using solution density information from a
spanningTree constraint to guide a branching heuristic on some constrained
spanning tree problems, we consider finding degree-constrained spanning trees of
a graph. Note that the special case of a maximum degree of 2 corresponds to the
Hamiltonian path problem. We created some graphs using a generator designed
to produce hard Hamiltonian path instances for backtracking algorithms [14].
We used the IBM ILOG CP v1.6 solver for our implementation and performed
our experiments on a AMD Opteron 2.2GHz with 1GB of memory. Our current
implementation does not include the incremental algorithm described in Section
4.2 so the times reported are with matrix inversions computed from scratch at
every search tree node. We report comparative results between maxSD, impact-
based search (IBS), and random variable and value selection (random). Heuristic
maxSD considers solution density information from each constraint and branches
on the variable-value pair corresponding to the highest solution density observed.
For IBS impacts are initialized by probing at the root node. At a search tree node
the five best variables according to the approximated impact are identified. For
that subset, we compute node impacts and branch on the best variable (highest
impact) and value (lowest impact). This is consistent with what is suggested in
the IBM ILOG solver documentation. For random we report the average of ten
runs.

We used simple filtering rules for our constraint — our objective is not to
solve that problem in the best way possible but rather to evaluate a counting-
based branching heuristic. The first one forces each vertex to have degree at least
one in the tree by lower bounding the sum of the variables corresponding to the
edges incident to it. The second one fixes the number of edges that can be part
of the spanning tree: as a spanning tree is formed by n− 1 edges, the sum of all
variables must equal that value. Finally, since a tree is acyclic, we maintain the
connected component in which each vertex lies, removing any extraneous intra
connected component edges. In addition to the spanningTree constraint, we
add to our model for each vertex i an upper bound on the sum of the variables
corresponding to the edges incident to i.

We first generated random graphs of 15, 20, 25, 30, and 35 vertices (10 in-
stances each). The generator ensures the existence of a Hamiltonian path. Turn-
ing first to a degree-2 bound, Table 1 left indicates that using maxSD effectively
guides the search to a solution in several orders of magnitude fewer backtracks
than the other two branching heuristics. Even though maxSD appears slower on
small graphs, as displayed in Table 1 right, as the graphs become larger, this
approach becomes faster than IBS and random.



Table 1. Number of backtracks (left) and time in seconds (right) before finding a
spanning tree of maximum degree 2. Each line represents an average over 10 instances.

n maxSD IBS random

15 0.2 229.8 49.0
20 1.5 533.0 976.6
25 2.1 1772.3 5919.6
30 71.7 12517.1 91454.4
35 112.2 18405.4 139861.3

n maxSD IBS random

15 0.029 0.001 0.001
20 0.080 0.012 0.020
25 0.187 0.085 0.173
30 0.815 0.897 1.873
35 1.769 4.742 14.646

Table 2. Number of backtracks (left) and time in seconds (right) before finding a
spanning tree of maximum degree 3. Each line represents an average over 10 instances.

n maxSD IBS random

15 0.0 225.6 1.3
20 0.0 315.2 53.2
25 0.0 446.7 882.0
30 0.0 495.1 18589.8
35 0.0 566.8 20001.4

n maxSD IBS random

15 0.039 0.002 0.001
20 0.100 0.013 0.001
25 0.222 0.021 0.311
30 0.441 0.039 0.093
35 0.852 0.063 2.333

We then turn to a degree-3 bound (see Table 2). It clearly demonstrates that
using solution densities to find spanning trees in random graphs is a very effec-
tive approach. A maximum degree of 3 is much less restrictive than a maximum
degree of 2 and more spanning trees in that graph will have that property. There-
fore the first few spanning trees found satisfy all constraints. For all graphs, the
solution density branching heuristic finds a spanning tree without any backtrack,
unlike the other approaches. Despite not having to backtrack, maxSD remains
slower than IBS on these instances since the latter only requires a few hundred
backtracks.

Table 3. Number of backtracks (left) and time in seconds (right) before finding a
Hamiltonian path in crossroad graphs. Each line represents an average over 10 in-
stances.

n maxSD IBS random

3 0.2 7721.9 8530.5
4 0.1 262011.7 191195.8
5 0.4 162353.0 -

n maxSD IBS random

3 0.085 0.255 0.062
4 0.280 26.379 3.674
5 0.676 586.679 -

We also generated crossroad graphs using the same graph generator. These
graphs are made up of small subgraphs only connected to each other via ”bridge”



edges. We generated 10 instances each of crossroad graphs containing 3, 4, and 5
subgraphs (with up to 35 vertices in total) and then tried to find a Hamiltonian
path (spanning tree of degree 2). Results are shown in Table 3.

Using maxSD on these hard graphs is very effective, always finding a solution
in much fewer backtracks than the other approaches. For the instances made
up of 5 subgraphs, random could not solve a single instance within 2 hours of
computing time. Here maxSD is also orders of magnitude faster than the other
two branching heuristics.

6 Conclusion

We presented a new algorithm that computes exact solution densities for the
spanning tree constraint in O(γn3) time, where γ is the size of a vertex cover
for the graph, and updates solution densities in O(γn2) time, even in some cases
achieving constant time updates per edge. Building the Laplacian matrix of
a graph and inverting selected sub-matrices, the proportion of spanning trees
including a certain edge of the graph can be calculated. By relying on that
information, search can be oriented towards areas of the search space with high
solution density with respect to the spanning tree structure and we gave some
empirical evidence that this helps solve constrained spanning tree problems.

As future work we would like to try other types of constrained spanning tree
problems. There are several application areas that involve finding spanning trees,
such as network design, telecommunication, or transportation. Examples of these
problems are the degree-constrained problem [7], the hop-constrained problem
[5] or the diameter-constrained minimum spanning tree [1]. We also plan to in-
vestigate the compatibility of our solution density algorithm with more powerful
filtering algorithms and variants of the constraint as proposed in the literature.
For example the Matrix-Tree Theorem to count the number of spanning trees
has already been generalized to directed graphs.
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