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A Robustness Approach for Handling Modeling
Errors in Parallel-Plate Electrostatic MEMS Control
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Yves-Alain Peter, Senior Member, IEEE

Abstract—This paper addresses the control of electrostatic
parallel-plate microactuators in the presence of such modeling
errors as unmodeled fringing field effect and deformations. In
general, accurate descriptions of these phenomena often lead
to very complicated mathematical models, while ignoring them
may result in significant performance degradation. In this paper,
it is shown by finite-element-method-based simulations that the
capacitance due to fringing field effect and deformations can be
compensated by introducing a variable serial capacitor. When a
suitable robust controller is used, the full knowledge of the intro-
duced serial capacitor is not required, but merely its boundaries of
variation. Based on this model, a robust control scheme is derived
using the theory of input-to-state stability combined with back-
stepping state feedback design. Since the full state measurement
may not be available under practical operational conditions, an
output feedback control scheme is developed. The stability and
performance of the system using the proposed control schemes
are demonstrated through both stability analysis and numerical
simulation. The present approach allows the loosening of the strin-
gent requirements on modeling accuracy without compromising
the performance of control systems. [2007-0262]

Index Terms—Control systems, electrostatic actuators, mi-
croelectromechanical devices, nonlinear systems, robustness,
uncertainty.

NOMENCLATURE

A Cross-sectional area of each of the electrodes.
b Damping coefficient.
C0 Zero-voltage capacitance.
Ca Capacitance of the actuator.
Cp Parallel capacitance.
Cs Serial capacitance.
G Air gap.
G0 Zero-voltage gap.
Is Source current.
Ia Current through the actuator.
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Fig. 1. Schematic representation of 1DOF parallel-plate electrostatic actuator.
The top structure is fixed for sustaining the moveable plate.

Ip Current through the parallel capacitor.
k Stiffness coefficient.
m Mass of the moveable electrode.
Qa Charge on the actuator.
Qp Charge on the parallel capacitor.
R Loop resistance.
Va Voltage across the actuator.
Vp Voltage across the parallel capacitor.
Vs Source voltage.
ε Permittivity constant.
ρp Parallel capacitive influence coefficient.
ρs Serial capacitive influence coefficient.
ω0 Undamped natural frequency.

I. INTRODUCTION

THIS PAPER addresses the control of electrostatic parallel-
plate actuators, whose schematic representation is shown

in Fig. 1 where m is the mass of the moveable plate, k is
the stiffness coefficient, b is the damping coefficient, G is
the air gap, G0 is the zero-voltage gap, x is the normalized
displacement, R is the loop resistance, Va is the voltage across
the actuator, and Vs and Is are the source voltage and cur-
rent, respectively. For simplicity, only the representative model
components are presented. As the electrostatic force is always
attractive regardless of the sign of the driving source, the device
can be grounded by either the moveable plate or the fixed
electrode for the convenience of the design or considerations of
applications. Therefore, the ground is not shown. The actuator
is supposed to make only one degree-of-freedom (1DOF) piston
motion.

In the most popular model of such devices, the moveable
plate is supposed to be a rigid body without deformation, and
only the main electric field within the gap is considered, without
fringing fields. That is, since the gap is relatively small, the
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capacitance can be approximated as being a small portion of an
infinite parallel plate (see, e.g., [1]). The actuator capacitance
can then be computed by

Ca =
εA

G
(1)

where A is the area of the side of an electrode plate facing
the gap and ε is the permittivity in the gap. Equation (1) is of
course a simplified model, which is subject to modeling errors
due to, e.g., deformations, fringing field effect, and parasitics.
Fabrication deviations and environmental fluctuations may also
introduce parameter variations affecting the reliability of the
model. Therefore, the performance of control schemes based on
this simplified model may be compromised for applications in
which precise positioning is required, e.g., adaptive optics (see,
e.g., [2]). Later on, in Section II-A, we present an analysis of
the influence of certain modeling errors on the static behavior
of the actuator.

To obtain high performance, one may need to use a more
accurate model. There is a continuous effort in the literature
to improve the modeling accuracy of electrostatic devices and
MEMS by taking into account practical considerations, such
as the effect of fringing fields [3]–[9], deformation [10], [11],
and surface charge density singularities at sharp corners and
edges [12]. One can find a rich set of research results on the
modeling of MEMS in the literature (see, e.g., [13] and [14]).
In general, accurate modeling results, however, in a more com-
plex mathematical model which makes control systems more
complicated and harder to implement, although it undoubtedly
helps increase the performance of software tools for MEMS
simulation and design. More specifically, modeling fringing
fields and deformations lead, in general, to distributed parame-
ter systems described by partial differential equations (see, e.g.,
[9] and [11]). The control of such systems requires distributed
sensing and actuation, and hence, it is very hard to implement
for microsystems (see, e.g., [15]). Other sources of uncertainty,
such as parasitics, complicate the modeling issue even further.
In addition, most of the existing formulations do not precisely
represent the behavior of real devices due to dielectrics, imper-
fect conductors, rough sidewalls, rounded corners, etc. In [16], a
generic capacitive model of electrostatic parallel-plate actuators
has been proposed. This model is based on the simplified one
given in (1) while presenting diverse unmodeled phenomena by
serial and parallel capacitors. The equation of motion of such
a model can be expressed by ordinary differential equations.
However, it is difficult to determine the values of the serial
and parallel capacitors which depend on the aforementioned
physical phenomena.

The present work is motivated by that of [16], and the
objective is one of modeling the plant for the purpose of
controlling it. As such, the model sought needs to capture the
essential dynamical behavior of the system and yet be simple
enough to make the control design less complicated in terms
of implementability as well as closed-loop performance. It has
been shown in [17] that the effect of fringing fields can be mod-
eled by a variable serial capacitor. In this work, we extend this
method to a deformed structure and show that, in the presence

Fig. 2. Equivalent circuit of 1DOF parallel-plate electrostatic actuator with
parallel and serial capacitors.

of deformation, the modeling error can also be compensated
by introducing a suitable serial capacitor. The advantage of this
approach is that, combined with an appropriate robust control
scheme, the full knowledge of the introduced serial capacitor
is not required, but merely that of its boundaries of variation.
These can be estimated by finite-element-method (FEM)-based
simulations using commercial off-the-shelf software tools, e.g.,
ANSYS, COMSOL, and CoventorWare, or obtained by ex-
perimental measurements. This idea can considerably simplify
the modeling toward control of such complex systems without
compromising the closed-loop performance.

The robust control schemes used in this work are based
on the theory of input-to-state stability (ISS) [18], [19] and
backstepping design [20]. The nominal model used in con-
trol law design is the simplified parallel-plate actuator whose
capacitance is given in (1), but the controller is made robust
against certain modeling errors. Note that the ISS-based control
design can also incorporate parameter uncertainties due to, e.g.,
variation of damping ratio and loop resistance, as done in [21]
as well as here. The stability and the performance of the system
using these control schemes are tackled through both stability
analysis and numerical simulation.

The remainder of this paper is organized as follows.
Section II presents the model of a general 1DOF parallel-plate
electrostatic actuator. Sections III and IV are devoted to state
feedback and output feedback control designs, respectively. The
simulation results are reported in Section V, and Section VI
contains some concluding remarks.

II. DYNAMICS OF A GENERIC CAPACITIVE MODEL OF

PARALLEL-PLATE ELECTROSTATIC MICROACTUATOR

A. Dynamics of a Generic Capacitive Model

The equation of motion of 1DOF parallel-plate microactua-
tors driven by an electrostatic force is given by (see, e.g., [1])

mG̈ + bĠ + k(G − G0) = Fe (2)

where the electrostatic force Fe is given by

Fe =
V 2

a

2
∂Ca

∂G
= −2εAV 2

a

G2
= − Q2

a

2εA
(3)

and Va is the voltage across the actuator, and Qa is the charge
on the actuator.

Fig. 2 shows the equivalent circuit of a 1DOF parallel-plate
electrostatic actuator containing serial and parallel capacitors,
denoted by Cs and Cp, respectively. In Fig. 2, we also show
the currents through the actuator (and the serial capacitor) and
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Fig. 3. Influence of serial capacitive uncertainty to static behavior of parallel-
plate devices.

the parallel capacitor Ia and Ip, respectively, and the voltage
across the parallel capacitor Vp. We suppose that there is no
current leakage across the device. In our model, the serial and
parallel capacitors are expressed in terms of what we refer to as
capacitive influence coefficients, defined as

ρs
Δ=

C0

Cs
ρp

Δ=
Cp

C0
(4)

where C0 is the capacitance of the actuator at the zero-voltage
position. Note that, in the present work, C0 is a known quan-
tity, and Cs and Cp represent modeling errors, but not actual
physical elements in the structure. The dynamical equation of
the electrical subsystem is then given by [21]1

Q̇a =
1

R
(
1 + ρpρs + ρp

G
G0

)

×
(

Vs −
(

G

εA
+ ρs

G0

εA
+ Rρp

Ġ

G0

)
Qa

)
(5)

in which the source voltage Vs is the actual control variable.
Note that, following the same line of reasoning, we can model
the devices with more complicated configurations including,
e.g., current leak.

The model described previously captures a quite wide range
of modeling errors. For example, the serial capacitor can
characterize, as we will see later, the effect of fringing fields
and deformations, and the parallel capacitor can represent the
parasitics. Clearly, the higher the values of ρs and ρp, the more
important the influence of the modeling errors. When the ca-
pacitive influence coefficients are set to zero, the dynamics of
the electrical subsystem boil down to

Q̇a =
1
R

(
Vs −

QaG

εA

)
(6)

which is the most popular one used in the literature (see, e.g.,
[1]). Note that, since the nominal plant is an ideal rigid body,
the dynamics of the mechanical subsystem still follow (2).
Therefore, with the presented model, the serial and parallel
capacitors affect only the dynamics of the electrical subsystem.

1For readers’ convenience, the development of (5) is given in Appendix I.

Fig. 4. Capacitances of the structure in the presence of fringing fields:
(a) FEM-based simulation, simplified model, nominal capacitor, and equivalent
serial capacitor. (b) FEM relative error simulation.

It can be seen from (5) that the parallel capacitor will not
change the static behavior of the device. It does, however,
affect the dynamics of the electrical subsystem: The bigger the
parallel capacitance, the slower the dynamics of the driving
circuit. The serial capacitor will affect both the static and
dynamic behaviors of the system. In particular, it will change
the pull-in position. To see this, we consider an example from
[21], shown in Fig. 3. The static positions (equilibrium points)
of the device can be deduced from (2) and (5) by setting all
derivatives to zero

0 = k(G − G0) +
Q2

a

2εA

0 = Vs −
(

G

εA
+ ρs

G0

εA

)
Qa.

In this example, the input Vs is set to the pull-in voltage√
8kG3

0/27εA [1]. In the simplified model, ρs = 0. Therefore,
the normalized static position, defined by (G0 − G)/G0, is 1/3.
However, it can be seen that the static position varies with
respect to serial capacitive uncertainty, represented by ρs, and
does so in an abrupt manner precisely for unmodeled serial
capacitance due to, e.g., ignored fringing fields. In open-loop
control schemes, this may result in significant regulation errors
if the simplified model is used to predict the deflections of the
device.

B. Effect of Fringing Fields

In order to examine the effect of fringing fields, we sim-
ulated a parallel-plate actuator with rectangular electrodes of
width W = 600 μm, length L = 300 μm, and initial separation
distance G0 = 305 μm. The gap of the considered structure
is intentionally made big so that the fringing fields are not
negligible. Fig. 4 shows the simulated capacitance of the device
obtained using CoventorWare, presented as a function of the
normalized deflection from the zero-voltage position. Note that,
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in the simulation, a mechanical distributed force (pressure),
rather than an actuation voltage, has been applied to the struc-
ture to produce deflections and, eventually, deformations. This
allows the computation of the capacitance of the structure over
the whole gap range without suffering from the pull-in. As can
be seen from Fig. 4, at the initial stage when the gap is com-
parable to the full extent of the electrodes, the simplified model
considerably underestimates the value of the capacitance (about
35% of the simulated structure). Decreasing the gap will atten-
uate the effect of fringing fields, and when both W/G and L/G
become more than 100, the difference becomes less than 5%.

Clearly, the fringing fields have the effect of increasing the
capacitance and the charge on the device. Hence, it will increase
the electrostatic force as well. However, the influence of fring-
ing fields decreases as the gap closes. Therefore, we can use
an overestimated nominal capacitor, denoted by Cn, combined
with an appropriate variable serial capacitor to represent the
total capacitance of the device. At the zero-voltage position, Cn

has the same value as that of the device accounting for fringing
fields, but its variation versus deflections follows (1) instead.
Obviously, to satisfy these conditions, the effective electrode
areas of Cn must be larger than that of the actual structure. The
value of the introduced serial capacitor is a function of the gap
and can be expressed as

1
Cs

=
1

Ca
− 1

Cn
. (7)

Fig. 4 shows the capacitances of the simplified model com-
puted by (1), the simulated device, the nominal capacitor, and
the introduced serial capacitance computed from (7). The value
of the nominal capacitor at the zero-voltage position is equal to
1.47 × 10−2 pF (the same as the capacitance of the simulated
structure at the same position). We can see that, except for the
initial separation distance, there is a difference between the
value of the nominal capacitor and the one of the simulated
structure. The role of the serial capacitor is to compensate
for this deficit. As shown in Fig. 4, the value of the serial
capacitance is infinite at the zero-voltage position and has a
minimum that is about 6.47 × 10−2 pF for this structure. Since
the smaller the introduced serial capacitance, the bigger the
influence of modeling errors, we can use its minimum value
to determine the upper bound of the serial capacitive influence
coefficient ρs. For example, for the structure shown in Fig. 4,
ρs = 1.47/6.47 = 0.2272.

In practice, since Ca is not exactly known if the fringing
fields are not modeled, one cannot determine Cs for every
deflection. However, as mentioned earlier and as will be seen
later, for an appropriate robust control scheme, only the upper
bound of the serial capacitive influence coefficient, correspond-
ing to the minimum of Cs, is required in the design of control
laws. This would allow one to drastically reduce the modeling
complexity. Note that the numerical simulation might signifi-
cantly deviate from the real device. In this case, a conservative
boundary should be used in control design. This may result
in a higher control effort. Nevertheless, the performance is
guaranteed as long as the actual modeling errors do not exceed
the boundaries.

Fig. 5. Schematic representation of deformed structures.

Fig. 6. FEM-based simulation of a deformed microstructure.

C. Deformed Devices

When deformations happen, the displacement is no longer
uniform: the deformation in the center portion is largest,
whereas the portions near the step-up supports hardly move at
all. Conceptually, the overall capacitance of a deformed device
can be represented by the sum of two 1-D capacitors: a variable
capacitor, representing the effective actuator, in parallel with
another one whose equivalent surface is parameterized by the
air gap (Fig. 5). The total capacitance of such devices can be
expressed as [16]

Ctotal = Ca + Cp ∝ 1 − γ

G
+

γ

G0
(8)

where Ca is the capacitance that contributes to electrostatic
force, Cp is the capacitance corresponding to the portion that
does not generate electrostatic force, and γ is a proper function
that increases as the gap closes. Obviously, it is very difficult
to determine the function γ in (8), because it changes with the
boundary condition, the geometry, and the mechanical structure
of the actuator.

To examine the effect of deformation, we have simulated
another microstructure using CoventorWare. The electrode di-
mensions are 206 × 206 μm2, and the moveable plate is sus-
tained by four beams clamped at the corners. The thickness
of the moveable plate is 1.5 μm, and the initial gap is 5 μm.
Note that, as the air gap of this device is much smaller than its
geometrical extent, the effect of fringing fields will not be sig-
nificant. The deformation and the distribution of charge density
at an intermediate position is shown in Fig. 6. The technique
mentioned in Section II-B is used to simulate the capacitance
over the whole gap range, and the results are shown in Fig. 7.
It can be seen that, for small deflections, the capacitance of
the simulated device is higher than the one calculated from the
rigid body approximation given by (1) (about 17% higher at the
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Fig. 7. Capacitances of deformed structure. (a) Capacitances of FEM-based
simulation, rigid structure approximation, nominal structure, and equivalent
serial capacitor. (b) Relative errors to FEM-based simulation.

zero-voltage position). This is due to unmodeled phenomena,
e.g., the electrostatic force due to the capacitance between the
flexures and the substrate. For large deflections, the deformation
becomes important. In this case, the capacitance computed
from (1) is overestimated. For a deflection of 4.8431 μm,
the modeling error can be as high as 47%. Since the effect of
fringing fields decreases as the gap closes, the modeling error
for large deflections is mainly due to the deformation.

The modeling error due to deformation can be compensated
by an appropriate variable serial capacitor as well. More pre-
cisely, we first model the device as an ideal rigid body, also
called the nominal structure. If we take also into account the
effect of fringing fields, the capacitance of the nominal structure
Cn follows the simplified model given in (1), but uses an effec-
tive area Aeff to match the actual value of the capacitance at
the zero-voltage position. Since the deformation has the effect
of decreasing the capacitance and the effect of fringing fields is
maximum at the zero-voltage position, the nominal structure
gives overestimated capacitance for any nonzero deflection.
The introduced serial capacitor has the effect of reducing the to-
tal capacitance, and hence, it will eliminate the modeling error.

The capacitances of the nominal structure and the introduced
serial capacitor are also shown in Fig. 7. The latter one is
computed from (7) using the capacitances of the simulated
device and the nominal structure. The value of the nominal
capacitor at the zero-voltage position is equal to 0.0909 pF (the
same as the simulated capacitor at this position). As shown
in Fig. 7, the introduced serial capacitance is infinite at the
zero-voltage position and has a minimum of about 0.7126 pF,
which can be used to determine the upper bound of the serial
capacitive influence coefficient ρs. For this structure, we have
ρs = 0.0909/0.7126 = 0.1277.

It is worth noting that, theoretically, the surface charge
density is infinite at sharp corners and edges (see [12] and the
references therein). The accuracy of the simulation methods

could be affected by these geometrically induced singularities.
In general, the omission of charge distribution singularity re-
sults in an underestimated electrostatic force. This modeling
error can also be compensated by using a more conservative
bound in our model.

Finally, the parallel parasitics is a relatively well-understood
phenomenon. The unmodeled parallel capacitance can be deter-
mined by numerical simulation or experimental measurements.
We will see later on that the proposed robust control laws work
well with very conservative estimates of parallel capacitive
influence coefficient. Therefore, the presence of this type of
modeling errors will not introduce technical difficulties for
applying these control laws.

III. ROBUST CONTROL BY STATE FEEDBACK

A. Preliminaries on ISS

The concept of ISS was introduced by [18], and ISS-based
design is a popular tool in the field of nonlinear control. Here,
we only present the notations required in the development of the
control law. The interested reader is referred to, for example,
[19] and [20] for a formal presentation.

The following comparison functions are required for present-
ing the method of ISS. A function α : [0, a) → [0,∞) is said
to belong to Class K if it is continuous, strictly increasing,
and α(0) = 0. If a = ∞ and α is unbounded, the function is
said to belong to Class K∞. A function β : [0, a) × [0,∞) →
[0,∞) is said to belong to Class KL if it is nondecreasing in
its first argument, nonincreasing in its second argument, and
lims→0+ β(s, t) = limt→∞ β(s, t) = 0.

The system

ẋ = f(x, u) (9)

is said to be input-to-state stable (also denoted by ISS for
convenience) if, for any x(0) and for any bounded continuous
input u(·) on [0,∞), the solution exists for all t ≥ 0 and
satisfies

|x(t)| ≤ β(‖x(0)‖, t) + γ

(
sup

0≤τ≤t
‖u(τ)‖

)
∀t ≥ 0 (10)

for some β ∈ KL and γ ∈ K.
System (9) is ISS if and only if there exists a smooth positive

definite radially unbounded function V and class K∞ functions
α1 and α2 such that the time derivative of V along the solutions
of (9) verifies

V̇ =
∂V

∂x
f(x, u) ≤ −α1(‖x‖) + α2(‖u‖). (11)

The function V satisfying the aforementioned inequality is
called an ISS control Lyapunov function (CLF).

One advantage of the ISS approach is that it provides a con-
venient framework for robust system control, which amounts to
finding a control for which the closed-loop system is stable with
respect to disturbances, considered now as inputs to the system.
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B. State-Space Model in Normalized Coordinates

To make the system analysis and control design easier, we
transform (2) and (5) into normalized coordinates by changing
the time scale τ = ω0t and performing a normalization as
follows [22], [23]:

x = 1 − G

G0
q =

Qa

Qpi

u =
Vs

Vpi
i =

Is

Vpiω0C0

r = ω0C0R

where Vpi =
√

8kG2
0/27C0 is the nominal pull-in voltage,

Qpi = (3/2)C0Vpi is the nominal pull-in charge, and ω0 =√
k/m is the undamped natural frequency. We then have

d2x

dτ2
+ 2ζ

dx

dτ
+ x =

1
3
q2 (12a)

dq

dτ
= β

(
2
3
u − (1 − x)q − ρsq + rρpq

dx

dτ

)
(12b)

where ζ = b/2mω0 is the damping ratio and

β =
1

r (1 + ρp(1 − x) + ρpρs)
(13)

is a function of the deflection.
Letting x1 = x, x2 = dx/dτ , and x3 = q2, the aforemen-

tioned system can then be written in normalized state-space
coordinates as

dx1

dτ
= x2 (14a)

dx2

dτ
= − 2ζx2 − x1 +

1
3
x3 (14b)

dx3

dτ
= β

(
4
√

x3

3
u − 2(1 − x1)x3 − 2ρsx3 + 2rρpx2x3

)
.

(14c)

System (14) is defined on the state space X = {(x1, x2, x3) ∈
R

3|x1 ≤ 1, x3 ≥ 0}.
Note that the considered actuator exhibits switching behav-

ior. First of all, when the moveable plate hits the fixed one
(x1 = 1), the dynamics of the mechanical subsystem collapse
[24]. In addition, q = 0 (x3 = 0) is a singular point at which
system (14) is not linearly controllable (see, e.g., [24]). How-
ever, it is easy to see that the system is symmetric except for
the sign of the charge. For simplicity, we ignore the contact
dynamics and consider only the branch defined by (14c). Con-
sequently, the stability property obtained through the proposed
control will be held locally.

Since in what follows we deal only with normalized quan-
tities, we can use t to denote the time and omit the qualifier
“normalized.”

C. Control Synthesis

In this work, we also consider parametric uncertainties, such
as the variations of the damping and the loop resistance. Note
that the damping in microstructures are more accurately mod-
eled as a squeezed film (see, e.g., [25]). In fact, this nonlinear
model can be captured in the design of control systems, while
the parameter variation can be handled in the same way as the
one presented in this work. Similarly, this approach applies to
the compensation of the nonlinearity related to the stiffness.

We now make the following assumptions on the uncertainties
in system (14).

Assumption 1: The serial and parallel capacitances are
bounded by known constants

0 ≤ ρp ≤ ρ̄p 0 ≤ ρs ≤ ρ̄s. (15)

Assumption 2: The damping ratio is positive and bounded
and can be written as

ζ = ζ0 + Δζ (16)

where ζ0 is a positive constant representing the nominal damp-
ing ratio and Δζ is the modeling error.

Assumption 3: The upper and lower bounds of the resistance
in the loop r are known

0 < r ≤ r ≤ r. (17)

Since x1 ≤ 1, β in (13) may be bounded as follows:

0 < β ≤ β ≤ β (18)

where β = 1/r. Note that, since the electrostatic force is always
attractive, the control allowing the moveable plate to move as
far as possible beyond the initial gap is the one that can remove
the charge from the device in an arbitrary small time interval.
However, there is no equilibrium beyond the zero-voltage gap,
and the mechanical subsystem (14a)–(14b) globally exponen-
tially converges to the origin with zero input (x3 = 0) (see,
e.g., [26]). This implies that x1 should not be smaller than −1,
corresponding to a 100% overshoot when the gap is completely
closed. Therefore, in a normal operational condition, β should
be lower bounded by

β =
1

r
(
1 + ρp(2 + ρs)

) . (19)

Furthermore, the variation of β is denoted by

|β − β0| ≤ β − β
Δ=Δβ (20)

where β0 is the nominal value of β.
The design of a robust control law is based on ISS. Some

standard tools, such as backstepping [20] and the small-gain
theorem [27]–[29], are available for tackling this problem.
The control objective is to bring the device to specified set
points. The tracking control with y = x1 as the output is con-
sidered; therefore, the required performance, such as rise and
settling times, can be specified through reference trajectories.
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Following a classical approach, we choose a sufficiently smooth
reference trajectory yr for x1. We then use the approach of
backstepping to synthesize a controller that makes the reference
trajectory attractive.

The control design consists in constructing an ISS CLF for
system (14) via backstepping. The synthesis contains three
steps corresponding to three subsystems expressed in (14).

Step 1: Consider the control of the subsystem (14c) with x2

as a virtual input. Let z1 = x1 − yr be the position tracking
error and select a Lyapunov-like function

V1 =
1
2
z2
1 .

The time derivative of V1 along the solutions of (14c) is

V̇1 = z1(x2 − ẏr).

The desired input (also called stabilizing function) can be
chosen as

x2d = ẏr − k1z1, k1 > 0. (21)

Step 2: Consider now the subsystem (14a)–(14b) with x3 as
a virtual input. Define z2 = x2 − x2d and augment V1 to yield

V2 = V1 +
1
2
z2
2 .

Letting z3 = x3 − x3d, the time derivative of V2 along the
solutions of the corresponding subsystem is given by

V̇2 = −k1z
2
1 + z2 (z1 + ẋ2 − ẋ2d)

= −k1z
2
1+z2

(
z1−2(ζ0+Δζ)x2−x1+

1
3
(z3+x3d)−ẋ2d

)
.

In order to counteract the uncertainty Δζ, a nonlinear damping
term should be added to the stabilizing function. The desired
input in this case is of the following form:

x3d =3
(
2ζ0x2 + x1 + ẋ2d−z1 − κ2ζ0x

2
2z2 − k2z2

)
(22)

where k2 > 0 and κ2 is the gain of the nonlinear damping term,
the lower bound of which will be given later on.

Step 3: Finally, the Lyapunov function candidate for system
(14) is chosen to be

V3 = V2 +
1
2
z2
3 =

1
2
z2
1 +

1
2
z2
2 +

1
2
z2
3

the time derivative along the solutions of system (14) of which
is given by

V̇3 =−k1z
2
1 − k2z

2
2 − 2Δζx2z2−κ2ζ0x

2
2z

2
2

+ z3

(
z2

3
− 3(ab1+b2) + 6Δζb1x2)

+ β

(
4
√

x3

3
u−2x3(1−x1)+2rρpx2x3−2ρsx3

))

(23)

where

a = −2ζ0x2 − x1 +
1
3
x3

b1 = 2ζ0 − k1 − k2 − κ2ζ0

(
2x2z2 + x2

2

)
b2 = y(3)

r + k1ÿr + ẏr +
(
κ2ζ0x

2
2 + k2

)
ẋ2d.

Let U = (4/3)
√

x3u. The proposed backstepping controller
is given by

U = 2x3(1 − x1) +
3
β

(
ab1 + b2 −

z2

9

)
− 1

β
k3z3

− 1
β

κ31

(
ab1 + b2 −

z2

9

)2

z3 −
1
β

κ32ζ0b
2
1x

2
2z3

− 1
β

κ33x
2
2x

2
3z3 −

1
β

κ34x
2
3z3 (24)

with k3 > 0, where κ31, κ32, κ33, and κ34 are the gains of the
nonlinear damping terms.

Theorem: For system (14) with the uncertainties satisfying
Assumptions 1–3 and yr being sufficiently smooth, the back-
stepping controller specified by (24), with

κ2 >
1

2ζ0
κ31 >1 κ32 >

1
ζ0

κ33 > 1 κ34 >
1
r2

(25)

renders the closed-loop error dynamics locally ISS with respect
to the uniformly bounded inputs Δβ, ρp, ρs, and Δζ. Fur-
thermore, the ultimate bound for the tracking error z1 can be
rendered arbitrarily small by picking the feedback gains k1, k2,
and k3 large enough.

The proof of Theorem 1 is provided in [21].
Note that the actual control u is singular when x3 = 0. This

is due to the uncontrollability of system (14) at the zero-voltage
position. However, this situation happens only at this point. It
is easy to see that system (14) is stable at this position with an
input u = 0. By defining an open ball Bε = {X| ‖X‖ < ε} ⊂
X of radius ε centered at the origin, where X = (x1, x2, x3)T

and ‖ · ‖ is the usual Euclidean norm, a more practical control
law can be expressed as

u =
{

3
4
√

x3
U, for X /∈ Bε

0, for X ∈ Bε

(26)

where U is given by (24).

D. Reference Trajectory Design

In general, reference trajectories can be chosen to be any
sufficiently smooth function y(t) connecting the initial point
at time ti to a desired point at time tf , such that the initial and
final conditions are verified. The reference trajectory used in
our control schemes is a polynomial of the following form:

yr(t) = y(ti) + (y(tf ) − y(ti)) τ5(t)
4∑

i=0

aiτ
i(t) (27)

Authorized licensed use limited to: IEEE Xplore. Downloaded on December 9, 2008 at 16:12 from IEEE Xplore.  Restrictions apply.



ZHU et al.: ROBUSTNESS APPROACH FOR HANDLING MODELING ERRORS IN ELECTROSTATIC MEMS CONTROL 1309

where τ(t) = (t − ti)/(tf − ti). For a set-point control, the
coefficients in (27) can be determined by imposing the initial
and final conditions

ẏ(ti) = ẏ(tf ) = ÿ(ti) = ÿ(tf ) = y(3)(ti) = y(3)(tf ) = 0

which yield a0 = 126, a1 = −420, a2 = 540, a3 = −315, and
a4 = 70.

The polynomial in (27) is often used as a reference trajectory
in flatness-based control. A more general formulation can be
found in [30].

IV. OUTPUT FEEDBACK CONTROL

The aforementioned state feedback controller requires the
measurement of all the state variables, including the speed x2.
Usually, the gap between the electrodes and the charge on the
device can be deduced from the input current, the voltage across
the device, and the capacitance (see, e.g., [31]). However, direct
sensing of velocity during normal operations for microdevices
is extremely difficult. When the speed measurement is not
available, we can use a certainty-equivalence implementation of
state feedback design by replacing x2 by its estimate obtained
from an observer based on the measurement of deflection and
charge. The observer design and the output feedback control
synthesis are presented in the following.

A. Reduced-Order Speed Observer

It can be shown that system (2) [or equivalently (12)] with
the deflection x (or x1) and the charge q as outputs admits the
observer canonical form, making it possible to find an observer
with linear error dynamics [32]. This implies in particular that
system (2) should be observable. To construct a reduced-order
observer for the only unavailable state variable v (or x2), we set

ξ = x2 − kvx1 (28)

where kv is an arbitrary positive real number. Differentiating
(28) yields

ξ̇ = −((2ζ + kv)kv + 1) x1 − (2ζ + kv)ξ +
1
3
x3. (29)

Let

x̂2 = ξ̂ + kvx1 (30)

where ξ̂ is given by

˙̂
ξ = −((2ζ + kv)kv + 1) x1 − (2ζ + kv)ξ̂ +

1
3
x3. (31)

Denoting the estimation error by x̃2 = ξ̂ − ξ = x̂2 − x2, we
obtain from (29) and (31) that

˙̃x2 = −(2ζ + kv)x̃2 (32)

which is globally exponentially stable at the origin with a decay
rate determined by the observer gain kv . This implies that (30)
and (31) form an exponential observer.

As we have proved by construction that the estimation error
dynamics are linearizable by output injection and are exponen-
tially stable, system (2) is indeed observable.

B. Control Synthesis by Observer Backstepping

The output feedback control design is based on the technique
of observer backstepping [20], which contains also three steps.

Step 1: Let us consider the control of subsystem (14a) with
the estimated speed x̂2 as a virtual input. Let also z1 = x1 −
yr be the position tracking error; then, the dynamics of z1 are
given by

ż1 = x2 − ẏr. (33)

Select now a Lyapunov-like function

V1 =
1
2
z2
1 +

1
2
x̃2

2.

The time derivative of V1 along the solutions of (14a) is

V̇1 = z1(x̂2 − ẏr) − z1x̃2 − (2ζ + kv)x̃2
2

= z1(x2d + z2 − ẏr) − z1x̃2 − (2ζ + kv)x̃2
2

where z2 = x̂2 − x2d and x2d represents the desired input. If
x2d is chosen as

x2d = ẏr − k1z1 (34)

then

V̇1 = −k1z
2
1 − (2ζ + kv)x̃2

2 − z1x̃2 + z1z2

= −k1z
2
1 − (2ζ + kv)

(
x̃2

2 +
z1x̃2

2ζ + kv

)
+ z1z2.

By completing the square, we obtain

V̇1 = −k1z
2
1 − (2ζ + kv)

(
x̃2

2 +
z1

2(2ζ + kv)

)2

+
z2
1

4(2ζ + kv)
+ z1z2

≤ − k̃1z
2
1 + z1z2 (35)

where

k̃1 = k1 −
1

4(2ζ + kv)
. (36)

Step 2: Consider now the subsystem (14a) and (14b) with x3

as a virtual input and augment V1 to yield

V2 = V1 +
1
2
z2
2 +

1
2
x̃2

2.

Since

ẋ2d = ˙̂x2d + k1x̃2 (37)
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where

˙̂x2d = ÿr + k1(ẏr − x̂2) (38)

˙̂x2 = ẋ2 + ˙̃x2 = −2ζx2 − x1 +
1
3
x3 − (2ζ + kv)x̃2 (39)

the dynamics of z2 can be written as

ż2 = −2ζx2 − x1 +
1
3
x3 − (2ζ + kv + k1)x̃2 − ˙̂x2d. (40)

The time derivative of V2 along the solutions of the corre-
sponding subsystem is given by

V̇2 = V̇1 + z2ż2 + x̃2
˙̃x2

≤ − k̃1z
2
1 − (2ζ + kv)x̃2

2

+ z2

(
z1 − 2ζx̂2 − x1 +

1
3
x3 − (kv + k1)x̃2 − ˙̂x2d

)
.

Letting x3d be the desired value for x3 and noting that z3 =
x3 − x3d and ζ = ζ0 + Δζ, we have

V̇2 ≤ −k̃1z
2
1 − (2ζ + kv)x̃2

2 + z2

(
z1 − 2(ζ + Δζ)x̂2

−x1 +
1
3
(z3 − x3d) − (kv + k1)x̃2 − ˙̂x2d

))
. (41)

In order to counteract the uncertainty Δζ, a nonlinear damp-
ing term should be added to the stabilizing function. The
desired input in this case is chosen to be the following:

x3d = 3
(
−z1 + x1 + ˙̂x2d + 2ζ0x̂2 − k2z2 − κ2ζ0x̂

2
2z2

)
(42)

where κ2 is the gain of the nonlinear damping term whose lower
bound will be given later on.

It is shown in Appendix II that

V̇2 ≤ −k̃1z
2
1 − k̃2z

2
2 − (κ2ζ0 − 1) x̂2

2 + Δζ2 +
1
3
z2z3 (43)

where

k̃2 = k2 −
(k1 + kv)2

4(2ζ + kv)2
. (44)

Step 3: By augmenting V2, the Lyapunov function candidate
for the closed-loop system is chosen to be

V3 =
1
2
z2
3 +

1
2
x̃2

2 + V2 =
1
2
z2
1 +

1
2
z2
2 +

1
2
z2
3 +

3
2
x̃2

2. (45)

The time derivative of V3 along the solutions of the closed-
loop system satisfies

V̇3 ≤− k̃1z
2
1 − k̃2z

2
2 − (κ2ζ0 − 1)x̂2

2z
2
2 + Δζ2

+ z3

(
1
3
z2 − 3(ab1 + b2) + 6Δζb1x̂2 − cx̃2

+ β

(
4
√

x3

3
u − 2x3(1 − x1)

+ 2rρpx̂2x3 − 2rρpx̃2x3 − 2ρsx3

))

(46)

where

a = −x1 − 2ζ0x̂2 +
1
3
x3 (47)

b1 = 2ζ0 − k1 − k2 − 2κ2ζ0x̂2z2 − κ2ζ0x̂
2
2 (48)

b2 =
...
y r +k1ÿr + ẏr +

(
k2 + κ2ζ0x̂

2
2

) ˙̂x2d (49)

c = 3
(
k1

(
k2 + κ2ζ0x̂

2
2

)
− kvb1

)
. (50)

Let U = (4/3)
√

x3u. The proposed backstepping controller
is given by

U = 2x3(1 − x1) −
1
β

k3z3 −
3
β

(
ab1 + b2 −

z2

9

)

− 1
β

(
κ31

(
ab1 + b2 −

z2

9

)2

+ κ32ζ0x̂
2
2b

2
1 + κ33x̂

2
2x

2
3

+ κ34x
2
3 + κ35

(
1 + x2

3

)
c2

)
z3 (51)

with k3 > 0, where κ31, κ32, κ33, κ34, and κ35 > 0 are the
gains of the nonlinear damping terms. In conclusion, we have
the following.

Theorem 2: For system (14) with the uncertainties satisfying
Assumptions 1–3 and yr being sufficiently smooth, the back-
stepping controller (51) with

kv −
1 + 2ρ2

p

8κ35
> 0 k1 −

1
4k2

v

k2 −
(k1 + kv)2

4k2
v

κ2 >
1
ζ0

κ31 > 1 κ32 >
1
ζ0

κ33 > 1 κ34 >
ρ̄2

s

r2
(52)

renders the closed-loop error dynamics, including the speed
observer, locally ISS with respect to the uniformly bounded
inputs Δβ, ρp, ρs, and Δζ. In light of this, the function V given
by (45) is an ISS CLF. Furthermore, the ultimate bound for the
tracking error z1 can be rendered arbitrarily small by choosing
the feedback gains k1, k2, and k3 to be large enough.

Proof: See Appendix III. �
Similar to the state feedback control, the actual control u is

singular when x3 = 0. In practice, we can use a control of the
form (26) in order to avoid the singularity.

V. SIMULATION STUDY

In our simulation study, the nominal values of the parameters
of the plant are ζ0 = 1, r0 = 1, ρp = 0, and ρs = 0. The
actuator is supposed to be driven by a bipolar voltage source.
The boundaries of modeling errors and parametric uncertainties
are ρs = 2, ρp = 8, r = 0.5, and r = 2 so that β = 0.0152.
Note that the upper bound of ρs is much higher than the one
corresponding to the structures studied in Sections II-B and C.
The upper bound ρp = 8 should also represent a conservative
estimation of parallel parasitics for microactuators with reason-
able geometrical aspect ratio. Furthermore, the bounds on the
value of the loop resistance r cover a wide range of variation
(from 50% to 200% of the nominal value).

As the performance of the state feedback control is usu-
ally superior to its certainty-equivalence implementation, we
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Fig. 8. Influence of serial and parallel capacitive uncertainties. (a) Variation of
serial capacitive uncertainties. (b) Variation of parallel capacitive uncertainties.

present only the simulation results for the output feedback
control scheme. Note that, in the simulation, a small bias
voltage is applied to the device in order to keep the moveable
plate away from the origin, which is a singular point.

First, we consider only the influence of ρs and ρp. In the
simulation, we tested different levels of serial and parallel
capacitive uncertainties, while the damping ratio ζ and the loop
resistance r are set to their nominal values. The set point is
chosen to be 90% of a full gap deflection. Fig. 8(a) shows the
simulation results of the devices presented in Sections II-B and
C, which have a serial capacitance introduced by fringing fields
and deformations, respectively. We also simulated a device with
much higher level of serial capacitive uncertainty, where ρs is
fixed to 2, corresponding to the worst case. Compared to the
position prediction based on the simplified model (see Fig. 3
in Section II-A), the presented robust controller drastically im-
proved the regulation accuracy. Fig. 8(b) shows the simulation
results for different levels of parallel capacitive uncertainties.
It can be seen that, in the range of variation of the parallel
capacitive uncertainties, the system performs nearly identically.

The second test is concerned with the uncertainties in the
damping ratio ζ and the loop resistance r. The device used
in the simulation is the one presented in Section II-C, and the
level of parallel capacitive uncertainties is fixed to ρp = 1. The
set point is chosen to be 90% of a full gap deflection. It is
shown in Fig. 9 that the system still performs very well even for
very important parameter variations and that the performance is
mostly influenced by the uncertainty related to the mechanical
parameter, namely, the damping b.

In the last test, we considered 50% of a full gap deflection
set-point control of the device presented in Section II-C. In the
simulation, the parameter variations are set to Δζ = −0.5 and
Δr = 0.5. Two different levels of parallel capacitive uncertain-
ties are considered: ρp = 1 and ρp = 5. The state variables and
control signals are shown in Fig. 10. It can be seen that the
system responses are nearly identical for these two configura-
tions; however, the control signals are significantly different.
This shows the effect of the presented robust control scheme.

Fig. 9. Robustness against parametric uncertainties: (a) Variation of loop
resistance. (b) Variation of damping ratio.

Fig. 10. Set-point control test. (a) State variables. (b) Control voltage.

Note that, due to the bias voltage applied, the charge is not zero
at the initial point, which introduces a slight deflection.

Finally, it is worth noting that all the presented results have
been obtained by using the same controller with the same
tuning, which exhibits a satisfactory robustness.

VI. CONCLUSION

This paper investigated two of the most known modeling
errors related to the simplified model of electrostatic parallel-
plate microactuators: fringing field effect and deformations.
The description of such phenomena requires the utilization of
partial differential equations, resulting in complex mathemati-
cal models and difficulties in designing and implementing con-
trol systems. We have shown, by FEM-based simulations, that
the modeling error due to fringing field effect and deformations
can be compensated by a variable serial capacitor. Combined
with an appropriate robust control scheme, an exact analytical
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expression of the introduced serial capacitance is not required,
but merely its boundary represented by capacitive influence
coefficients. Based on a generic model of electrostatic parallel-
plate microactuators, a state feedback robust control scheme
using the technique of ISS, and backstepping design is derived.
This algorithm has further been extended to the case where the
speed measurement is not available. The stability of the closed-
loop systems has been demonstrated through stability analysis,
and the numerical simulations show that the proposed con-
trol systems exhibit satisfactory performance and robustness
vis-à-vis capacitive and parametric uncertainties. Compared to
adaptive backstepping control which can achieve asymptotic
regulation by assuming a constant or slow-varying unknown
parameter (see, e.g., [20]), the presented ISS controllers can
handle arbitrary time-varying uncertainties. This feature is par-
ticularly suitable for dealing with state-dependent modeling
errors. Note that the ISS framework can also deal with other
types of uncertainties, such as sensor noise and disturbance
rejection, allowing one to address the control of more generic
and practical microdevices. Presenting different types of mod-
eling errors by capacitive uncertainties, using numerical simu-
lation or experimental measurements to determine the variation
boundaries of these uncertainties, and then employing robust
control techniques will considerably decrease modeling com-
plexity while achieving enhanced performance and robustness.

APPENDIX I
DYNAMICS OF ELECTRICAL SUBSYSTEM WITH

SERIAL AND PARALLEL CAPACITORS

Denoting by Qp the charge on Cp and applying Kirchhoff
laws yields

IsR =Vs − Vp (53)

Is = Ia + Ip = Q̇a + Q̇p. (54)

Since the voltage across the actuator is

Va =
Cs

Ca + Cs
Vp =

Qa

Ca
(55)

it follows that

Qp

Cp
= Vp =

Ca + Cs

CaCs
Q (56)

hence,

Qp =
Cp(Ca + Cs)

CaCs
Qa (57)

Q̇p = −CpQ

C2
a

Ċa +
Cp(Ca + Cs)

CaCs
Q̇a. (58)

We can deduce from (53), (54), and (56) that

Vs−
Ca+Cs

CaCs
Qa =R

(
CaCs+Cp(Ca+Cs)

CaCs
Q̇a−

CpQa

C2
a

Ċa

)

or, equivalently

Q̇a =
CaCs

R(CaCs + CaCp + CsCp)

×
(

Vs −
(

Ca + Cs

CaCs
− RCp

C2
a

Ċa

)
Qa

)
(59)

which can then be rewritten as (5).

APPENDIX II
UPPER BOUND OF V̇2 IN (43)

For x3d given by (42), we have

V̇2 ≤− k̃1z
2
1 − (2ζ + kv)x̃2

2 − k2z
2
2

− κ2ζ0x̂
2
2z

2
2 − z2

(
2Δζx̂2

2 + (kv + k1)x̃2

)
+

1
3
z2z3

≤− k̃1z
2
1 − (2ζ + kv)x̃2

2 − κ2ζ0x̂
2
2z

2
2

− (kv + k1)x̃2z2 + 2|Δζ||x̂2z2| +
1
3
z2z3. (60)

By completing the square, we obtain

V̇2 ≤ −k̃1z
2
1 − k̃2z

2
2 − κ2ζ0x̂

2
2z

2
2 + 2|Δζ||x̂2z2| +

1
3
z3.

(61)

Applying Young’s inequality, we can then deduce (43)
from (61).

APPENDIX III
PROOF OF THEOREM 2

Substituting the input in (46) by the backstepping controller
(51) and taking into account bounds (15), (17), (18), and (43)
yields

V̇3 = − k̃1z
2
1 − k̃2z

2
2 − β

β
k3z

2
3 − (κ2ζ0 − 1)x̂2

2z
2
2 + Δζ2

− (2ζ + kv)x̃2
2 +

(
6b1Δζx̂2z3 −

1
β

κ32ζ0b
2
1x̂

2
2z

2
3

)

+
((

1
3
z2 − 3(ab1 + b2) +

3β

β

(
ab1 + b2 −

z2

9

))
z3

−β

β
κ31

(
ab1 + b2 −

z2

9

)2

z2
3

)

+
(

2rρpβx̂2x3z3 −
β

β
κ33x̂

2
2x

2
3z

2
3

)

−
(

2ρsβx3z3 +
β

β
κ34x

2
3z

2
3

)
+

(
dx̃2z3 −

β

β
κ35d

2z2
3

)

−
(

2rρpβdx̃2x3z3 +
β

β
κ35d

2x2
3z

2
3

)
. (62)

Applying Young’s inequality and noting that β ≥ β and

βr ≤ 1/ (1 + ρp(2 + ρs))

Authorized licensed use limited to: IEEE Xplore. Downloaded on December 9, 2008 at 16:12 from IEEE Xplore.  Restrictions apply.



ZHU et al.: ROBUSTNESS APPROACH FOR HANDLING MODELING ERRORS IN ELECTROSTATIC MEMS CONTROL 1313

V̇3 can be further bounded as follows:

V̇3 ≤− k̃1z
2
1 − k̃2z

2
2 − k3z

2
3 − (κ2ζ0 − 1)x̂2

2z
2
2

−
(

β

β
κ31 − 1

) (
ab1 + b2 −

z2

9

)2

z2
3

−
(

β

β
κ32ζ0 − 1

)
b2
1x̂

2
2z

2
3 −

(
β

β
κ33 − 1

)
x̂2

2x
2
3z

2
3

−
(

β

β
κ34 −

ρ2
s

r2

)
x2

3z
2
3 −

(
(2ζ + kv) −

1 + 2ρ2
p

8κ35

)

+ 10Δζ2 +
9
4
Δβ2 +

ρ2
p + ρ2

s

(1 + ρp(2 + ρs))
2 . (63)

If (52) is satisfied, then

V̇3 ≤ −α(z) + 10Δζ2 +
9
4
Δβ2 +

ρ2
p + ρ2

s

(1 + ρp(2 + ρs))
2 (64)

where

α(z) = −k̃1z
2
1 − k̃2z

2
2 − k3z

2
3

is obviously of class K∞. Noting that (ρ2
p + ρ2

s)/(1 + ρp(2 +
ρs))2 is uniformly bounded, we conclude that the closed-loop
error dynamics are ISS with Δζ, ρp, ρs, and Δβ as the inputs.
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