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Abstract In this paper, a method is proposed to gen-
erate scanning paths to be used in automated abrasive

waterjet polishing of free-form surfaces. This method
is able to produce trajectories with constant offset dis-
tance between curves on surfaces with holes and com-

plex boundaries without reconfiguration of their trian-
gular mesh model. For this, the particular requirements
of this polishing technique to be kept along the path are
investigated. Next, a reference curve is obtained and

using geodesic distances in specific directions, the ad-
jacent offset curves are found. Finally, if needed, the
main trajectory is divided into a set of continuous sub-

trajectories. By defining two indices, the effect of the
shape of the surface and the configuration of the gen-
erated path on the uniformity of the distribution of the

waterjet is evaluated. Through several examples, it is
shown that the method can effectively generate scan-
ning paths adapted to the requirements of this tech-
nique.
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1 Introduction

In high-tech manufacturing, to produce objects with
free-form surfaces, different steps of machining includ-
ing milling, grinding, and polishing may be performed.

Amongst them, the polishing process is one of the most
delicate procedures in which the method of sweeping
the tool on the surface has a significant impact on its
final quality.

So far, several techniques (e.g., sanding disc, electric
discharge, ultrasonic, and abrasive waterjet polishing

(AWJP) [1, 2]) have been developed to polish surfaces
with different shapes and properties. Amongst these,
AWJP is a novel non-conventional method in which
the material removal from the surface takes place due
to the collision of the abrasives with the surface [3]. In
this method, there is no direct contact with the surface
and the area affected by the jet is usually short (usually

a few millimeters). Thus, it is critical to keep the mate-
rial removal rate of the process constant and uniformly
deliver the slurry jet to all areas of the desired surface.
For this, it is required to keep the AWJP parameters at
their optimal levels during the process and generate a
polishing path in which the particular properties of this
technique are considered. This paper is dedicated to the
study of the requirements of a trajectory generated for
this particular application and then, the development
of a method to produce this type of paths.

Trajectory planning is a well-known field in computer-
aided design (CAD) and many works have been done in
this area. Depending on the application, different meth-
ods of surface-covering path generation were developed
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[4–15]. These trajectories are mainly generated in two
ways. In the first, the main objective is to only pass
the tool over the entire surface, and thus, a constant
offset distance between adjacent paths is not impor-
tant. One of the common strategies used for this type
of trajectories is to use parametric surfaces [10–12]. In
these approaches, the trajectory is first generated on
a planar surface and then, it is mapped onto the de-
sired free-form surface. The pitch adaption method de-
veloped by Tam et al. [14], and boundary-conformed
iso-parametric tool path generation methods presented
by Yang et al. [11] and also Yuwen et al. [12] are exam-
ples of this strategy.

In the second approach, it is critical to uniformly
cover the entire surface with the trajectory. For this, the
trajectory is often obtained by considering a reference
point/line/path as a starter to generate the adjacent
offset curves while the constant offset distance is pre-
served. Depending on the requirements of the applica-

tion, this reference can be a point [16, 17], a seed curve
[4, 17–19], or a boundary of the surface [6, 8, 17, 18]. In
this approach, the concept of geodesic distance fields is
typically used to find the offset curve of a reference on

the free-form surface [16–20]. This method was investi-
gated and formulated by Patrikalakis et al. [21, 22] for
free-form surfaces. For the case of surfaces modeled by

triangulated faces, it was initially used by Surazhsky et
al. [16] and was based on the interval propagation pre-
sented by Mitchell et al. [23]. Subsequently, Bommes et

al. [18] improved the original algorithm by reconfigur-
ing the triangular mesh of the surface to obtain a fine
and smooth curve.

In this paper, the shape of the material removal pro-
file in the area polished by the AWJP method is first
investigated. Then, considering its properties, the lim-

its for the curvature of the surface, pitch distance, and
the configuration of the trajectory are determined. Af-
terwards, by modeling the material removal from the

surface (in the planar case), it will be shown that the
shape of the trajectory affects the uniformity of the
material removed from a surface. Finally, a modular
method is proposed to generate the surface-covering
scanning path on a triangular mesh model defining the
free-form surfaces to be polished. This method is devel-
oped to generate uniformly distributed trajectories on
single surface with arbitrary shape (within the partic-
ular limits for the AWJP process), including holes and
a complex outer boundary. In the proposed algorithm,
instead of using windows (intervals) to find geodesic dis-
tances from a point or a line [16, 18, 23], the geodesic
distances are calculated in specific directions. Thus, this
method is simpler than the geodesic distance approach

but still effective and can generate smooth trajectories

on a surface for AWJP process while reconfiguration of
the triangular mesh is not necessary. Lastly, by defining
indices, the performance of the generated trajectories
for AWJP process is investigated.

2 Estimation of material removal in AWJP

2.1 Shape of the material removal profile

In AWJP, the material removal occurs due to the col-
lision of abrasive particles and the surface. The shape
of the material removal profile depends on several pol-
ishing parameters including the nozzle diameter/angle,
stand-off-distance, abrasive type/size, and speed of the
jet [3]. The authors have done an experimental study
on the effect of AWJP parameters on the quality on the
polished surface (which is out of the scope of this pa-
per). In these experiments, the nozzle traversed along
straight lines over flat surfaces. As a part of this study,

the profile of the material removal in the direction per-
pendicular to the nozzle movement direction was deter-
mined (assumed to be symmetrical). Although the di-

mension of the profile depends on the aforementioned
parameters, its general shape was similar in all the tests.
An example of the profile obtained by combining the re-

sults of several experiments is shown in Fig. 1(a). In this
figure, the polished line is along x axis and the dimen-
sion in the direction of z axis (depth of penetration) is
normalized to keep the generality of the model.

However, the exact shape of this profile is not al-
ways the same and depending on the polishing param-
eters it may vary a little. Thus, the presented profile is

used to only give an idea about how to find the desired
pitch distance. Also, the scanning path is considered
as the polishing trajectory to find the distribution of
waterjet. This model is only used to estimate the dis-

tribution of waterjet over the surface but not the real
shape of the polished area. The hypothesis is valid only
if the ratio of the depth of penetration to the width of
the polished area, D/W , is negligible. Otherwise, the
interaction between abrasives and the surface may be
affected and thus, this model cannot estimate the conse-

quences. Taking into account these considerations, the
estimation of material removal from the surface using
three parallel lines are presented in Figs. 1(b)-(e).

As it can be seen in Figs. 1(b) and (c), when the
pitch distance p between two adjacent lines is prop-
erly adjusted, the material removal happens evenly. On
the other hand, when p is longer or shorter, some hills
or valleys may respectively remain between the paths
(c.f. Figs. 1(d) and (e)). In the particular case shown
in Fig. 1 where W = 10 mm, the total variation in the
depth of the polished area in case (c) with p = 4 mm is
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Fig. 1: (a) Profile of the material removal obtained

from experiments (with normalized depth); (b) profiles
of three consecutive polishing lines; (c) estimated pro-
file of material removal using three polishing lines with
p=4mm; (d) p=5mm; and (e) p=3mm.

1.6% of D, while in cases (d) and (e) it is respectively
37.4% for p = 5 mm and 13.9% for p = 3 mm. Since the
exact curve of the profile may slightly change with dif-

ferent polishing parameters, these values give an order
of magnitude but can vary in practice. However, know-
ing the shape of the profile, the optimal pitch distance
can be properly estimated by trial and error.

With free-form surfaces, the initial profile of the sur-
face can be wavy and assuming the nozzle axis perpen-
dicular to the surface, the interaction between profiles
can be different. This difference highly depends on the
ratio between the depth of the penetration and the ra-

dius of curvature of the surface around the polished
area, i.e. D/rk. If this ratio is large (e.g. D/rk = 0.25)
then, in concave or convex parts of the surface the deep-
est parts of the profiles respectively diverge from each
other or converge together and consequently the overall
shape of the machined surface changes. However, since
in polishing process D is very small (usually less than 20
µm), this effect is often negligible. On the other hand,
the angle between the nozzle axis and the surface has a

0 10 20 30 40 50 60 70 80

45
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65

Fig. 2: Planar trajectory with sharp turns along the
paths (p=4mm).

significant impact on the shape of the profile. Thus, it is
necessary to minimize the effect of the radius of curva-
ture of the surface, rk, on this angle. Consequently, to
have a constant pitch distance on the entire trajectory
and maintain the uniformity of the shape of profile, the
condition rk.min/W ≥ 6 is introduced to be respected
for the minimal radius of curvature on the entire surface
in order to keep the maximum difference in the angle
between the normal of the surface and the jet nozzle
axis less than 5 degrees. Thus, to polish a surface with
smaller rk.min, it is recommended to use a nozzle with
smaller diameter.

2.2 Effect of configuration of the trajectory on the
uniformity of polishing process

Considering the geometry of a surface, preserving the
desired pitch distance does not guarantee the unifor-

mity of the polishing process. The other parameter which
can affect its uniformity is the configuration of the tra-
jectory. Indeed, the distribution of waterjet on the areas

with almost straight offset curves is not the same as that
of curves with sharp turns. Therefore, an algorithm is
developed to investigate the capability of the generated
path in the uniform distribution of abrasive waterjet on

a flat surface. As an example, the 2-D scanning path il-
lustrated in Fig. 2 is considered. It is assumed that the
nozzle axis is normal to the surface and thus, as pre-
sented in Fig. 3(a), the resultant profile of the material
removal is symmetric (this can actually be done with
any other profile). Then, considering a constant travers-
ing speed along the path, the final shape of the surface
is predicted and shown in Figs. 3(b) and (c).

This simulation reveals that if there is a sharp turn
along the path then the variation in the depth of pen-
etration increases. Consequently, the uniformity of wa-
terjet distribution is lost around that area. With the
example shown in Fig. 3, the maximum variation in the
areas with sharp turn (indicated by ellipses) is 39.8%.

To decrease this, a limit should be taken into account
for the radius of curvature along the path, rpath. Us-
ing this algorithm, the ratios between the variations
of the depths of the polished areas in curved parts of
the trajectory and D are calculated and presented in
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(a) (b)

(c)

Fig. 3: (a) Profile of material removal in polishing spot
by a nozzle with normal angle (W = 10mm); (b) 3-D
view of the simulation of the shape of a surface polished
through a planar trajectory (p = 4mm); (c) top view
of this surface.

Table 1: Effect of the curve of the trajectory on the

variation of depth of the polished area in a flat surface.

length of rpath, (W =10 & p=4) all
in mm
4 8 12 16 20

Variation % 11.5 7.1 5.4 2.52 2.44

Table 1. As expected, by increasing the rpath, this vari-
ation decreases. Thus, considering the particular pro-

file of material removal illustrated in Fig. 3(a), with
rpath/W ≥ 1.5, a less than 5% of variation can be ex-
pected. Additionally, as computed, if a piecewise path

is used to create this curvature, to keep the variation
smaller than this value, the maximal angle between two
consecutive line segments of the path, θpath, should be
smaller than π/6.

3 Scanning path generating algorithm

In the proposed method, a reference curve is first cre-
ated through several options. Afterwards, for each point
on this path, the tangential vector is computed as a bi-

sector of the two consecutive line segments sharing this
point, to define the normal of a plane. This plane is used
to find the particular direction(s) in which the points of
the adjacent offset curve located at the same geodesic
distance from the point is searched. Afterwards, the
procedure continues to obtain the next curve until no
new one can be found. This procedure is then finished
by connecting the ends of the curves to have a sin-
gle scanning path. In the cases where it is not possible

to generate continuous path, several methods were pre-
sented in the literature to divide an original surface into
regions in which single continuous trajectories can be
produced [24]. However, since in the proposed method
the entire trajectory is first generated, an algorithm
is developed to detect the discontinuous areas on the
original trajectory and divide it into several continuous
sub-trajectories.

3.1 Generation of the reference path

The algorithm starts the path generation process by
collecting the data of the triangular faces of the sur-
face. Next, it searches for the boundaries of the sur-
face. There can be both outer and inner boundaries
(i.e. the edges of either holes or obstacles inside the
surface, if they exist), designated by OB and IB respec-
tively. Next, the starting and final points (respectively
Ps and Pf ) of the reference curve are determined. The

positions of these points on the surface have a critical
impact on the general shape and pattern of the entire
trajectory which significantly affects the uniformity of

the distribution of the waterjet on the surface . To find
them, three options are considered in this algorithm:

1. Selecting the two furthest vertices on the outer bound-
ary of the surface;

2. If the outer boundary can be recognized as a set of
edges connected together through sharp ends (e.g.,
boundary of a rectangular surface), then the two end

points of the longest edge can be chosen, otherwise
either the previous or the next option may be used
(e.g., in the case of a surface with a rounded outer
boundary);

3. If a particular direction or pattern is needed, two
user-defined points can be used.

With the first two options, the OB is used. With op-
tion 1, the centroid of all the vertices of the OB is first
found, and then, the furthest vertex from this point is
selected as the starting point. The final point is the fur-
thest vertex of the OB from the latter. With option 2,
the angle θb, between each pair of two consecutive edges
of the boundary and the average of all these angles, θ̄,
are calculated. Then, the vertices for which this angle
exceeds a predefined maximum limit are considered as
sharp ends.

In one strategy, the reference curve can be obtained
as an intersection of the surface and a plane passing
through these two points. To find the coordinates of

this plane, first, the average normal of the whole surface

is obtained as ē =
∑n

g=1 eg

‖∑n
g=1 eg‖ , where eg is the normal

vector of the gth face. Then, the normal of this plane is
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Fig. 4: Creating the reference curves using (a) the two
furthest points while it completely passes though the
surface; (b) the two furthest points while it partially co-
incides with the boundary; (c) two points on two sharp

ends of the boundary.

calculated as ep =
vif×ē
‖vif×ē‖ where vif = pf −pi, pi and

pf are respectively the position vectors of the current
point (initially Pi = Ps) and point Pf .

Next, the intersection of this plane with the surface
(which is a set of points creating the reference curve)
can be found. This intersection curve may not be con-
tinuous and in some cases the plane may go beyond the
boundaries of the surface. To avoid this problem, the
algorithm starts searching for intersection points from

the point Ps and step by step proceeds toward point
Pf . In each step, one point is found and is considered
as point Pi to obtain the next intersection.

If the point Pi is on a inner boundary (a hole) of
the surface and no face exists in the way toward the
point Pf , the next intersection of this boundary with

the plane in the proceeding direction is considered as
a new point. If it is on the outer boundary and again
no face exists in the desired direction, the algorithm
follows the corresponding boundary in the proper di-
rection until it reaches the point Pf . In Figs. 4(a) and
(b), examples of creating the reference path using the
two furthest points method are illustrated. As the latter
figure shows, when the current point reaches the surface
outer boundary, it follows the latter until point Pf .

Current path

Offset path in obtuse
angle side

Offset path in acute
angle side Straight line

Circular offset

Fig. 5: Ideal offsets for a pair of line segments in a planar
surface.

With the second option, the previously discussed
plane is not used and as shown in Fig. 4(c), the cor-
responding sub-boundary between points Ps and Pf is
considered as the reference curve. If the third option
(user defined points) is used, the strategy described for
the first option is used again. Using different options

to find the reference path gives the algorithm the capa-
bility to generate scanning paths with different proper-
ties and then select the one with the best performance
(based on the indices which are presented in Section 4).

With this method, the number of points found when
constructing the reference curve depends on the number
of faces/edges located along its way. Therefore, the dis-

tances between pairs of these points are variable. This
can affect the precision of the offset curves and weakens
the uniformity of the entire trajectory. Thus, this dis-
tance should be kept shorter than an appropriate limit

which is defined as:

UL = min
{
p
s , Edm +

(
EdM−Edm

s′

)}
(1)

where EdM and Edm are respectively the lengths of the
longest and shortest edges of the surface; s and s′ are
respectively constant values used to adjust the effect of
the pitch and the shape of the faces on this limit. By
trial and error it is suggested to use s ≥ 2 and s′ ≥ 20

to obtain smooth and accurate offsets. If the distances
between each pair of two consecutive points are larger
than UL then, by interpolation, new point(s) are gen-
erated between them. Then, without reconfiguring the
surface and increasing its total number of faces, the
precision of the path can be controlled.

3.2 Generation of the offset curves

The ideal offsets for a pair of line segments of a piece-
wise curve in the planar case are shown in Fig. 5. As
depicted in this figure, in the acute angle side of these
lines, the offsets intersect each other. While in the ob-
tuse angle side, a part of the offset has a circular shape.
Since, the path has a piecewise structure, this circular
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(1) 105 (2) 105 120

(3) 120 150(4) 150

edir.b
edir.b

edir.b

edir.b

edir.n1

dir.n1e dir.n1e

dir.n2e

dir.n2e
dir.n2e

p

L p/2

Fig. 6: Directions considered to find the points of the
next offset based on the angle between the line segments
and their bisector in obtuse side of the path.

parts are modeled by a set of lines. For this, as illus-
trated in Fig. 6, some cases are defined to obtain the

number of points which are representing the circular
area and keep the error in the exact values of the pitch
distance lower than its maximal accepted value. To cal-

culate the angle θ between one of these two consecutive
lines and the vector edir.b (which is along the intersec-
tion of their bisector plane with the three-dimensional

(3-D) surface), they are first mapped onto the tangen-
tial plane attached to point Pi. Through this mapping,
the effect of the curvature of the surface on this angle
is cancelled.

As shown in Fig. 6, in case (1), θ < 105◦ and only
the vector edir.b is used. In case (2), 105◦ ≤ θ < 120◦and
the vectors edir.n1 and edir.n2 are also obtained. They
are the intersections between the surface and the planes
defined by point Pi and normals along the two consec-

utive lines. In case (3), 120◦ ≤ θ < 150◦ and the two
bisector planes between these three consecutive vectors
are computed and then, their intersections with the sur-
face around point Pi are considered as the two addi-
tional directions. Finally, in case (4), θ ≥ 150◦ and sim-
ilarly, four other vectors amongst the abovementioned
five consecutive vectors are obtained. Then, the maxi-

mum error would be less than 3.7% on a planar surface.

When the initial direction is known, the search for
next point on the offset curve, Poff , is started. For this,
conversely to the conventional method of propagation
of intervals through triangular faces, in this paper, the
geodesic distance is calculated for particular initial di-
rections. With the limits considered for the curvature of
the surface with respect to the pitch distance (as a ra-
tio of W ) in the AWJP process, this method is efficient

and precise while kept simple. In the proposed method,

Bisector planeGeodesic path

off

 1
 2

3

4

i ioff

Unfolded faces

of the surface

dirdir
e

(a) (b)

Original surface

L

P P

p

P

P

L
L

L
e

Fig. 7: (a) Geodesic distance between points Pi and
Poff on a part of the 3-D surface modeled by triangu-
lar faces; (b) the geodesic distance coincides with the
Euclidean distance when the corresponding faces are
unfolded.

the point Poff is found by unfolding the triangles which
are located in the direction started from Pi and defined
by the assigned direction vector edir.j (subscript dir.j
indicates the j th direction vector found for Pi). Then,
the 3-D surface made of triangular faces is changed to a

planar surface and the geodesic distance coincides with
its Euclidean counterpart. Example of this process is
depicted in Fig. 7.

This procedure is started by finding the face/edge

on which the geodesic curve should be followed toward
the new point Poff . When the first reference face/edge
is obtained, the algorithm obtains the location of the

first temporary point Ptemp.1 which is located in the
proceeding direction toward point Poff . If this reference
is a face, the algorithm finds the edge located in the side

of positive direction of the vector edir.j with respect
to point Pi and then calculates the intersection of this
edge and jth plane associated with vector edir.j (i.e.,
the point Ptemp.1). If the reference object in an edge,

the vertex which is in the positive direction of the vector
edir.j is considered as point Ptemp.1.

If point Pi is on a boundary of the surface, then that

boundary is used to search for the new offset point. For
this, the algorithm recalls the vertices of that bound-
ary and finds the edge/vertex on which point Pi is lo-
cated. Then, the proper direction along an edge of that
boundary is obtained either using the vector edir.j or
the location of the previous offsets on the same bound-
ary. Then, the first vertex of boundary located in the

proper direction is considered as Ptemp.1. But, if the
adjacent points of Pi on the current path (which is ini-
tially the reference curve) are also located on the same
boundary and the vector edir.j is pointed toward out-
side of the surface, then this calculation for point Pi is
stopped.

If point Ptemp.1 is found, the length of the line seg-
ment PiPtemp.1 (i.e., L1 in Fig. 7) is calculated. If L1 >
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−420

Collision between points

in acute angle side

Point on

current curve

New offset point

Reference Curve

Fig. 8: Finding the offset points of a curve with two
sharp turns on a free-form surface

p, the position vector of the offset point is obtained as:

poff = p
ptemp.1 − pi∥∥ptemp.1 − pi

∥∥ + pi, (2)

If L1 = p, then poff = ptemp.1. In both situations,
the search for a new point finishes.On the other hand,
if L1 < p, the position of the point Ptemp.1 is considered
as the new current point, the offset distance is changed
to ptm=p−L1. Also, the vector edir.j is rotated around

the intersection of the planes of the current face and
the next face which is located in the proper direction
(this intersection includes their shared edge/vertex) to
be placed on the plane of the next face (this is equiv-

alent to unfolding the next face with respect to the
current one) as:

e′dir.j = Ru,γedir.j (3)

where Ru,γ is the rotation matrix around vector u with

the angle of γ. It is defined as:

Ru,γ = 1 cos γ + sinγ [u]× + (1− cos γ)uuT (4)

where u = n1×n2

‖n1×n2‖ and γ = arccos
(
nT1 n2

)
. Vectors

n1 and n2 are respectively normals of the current face
and the next face on which the vector edir.j should be
placed. Also, [u]× is the cross product matrix of the
vector u. Next, the same process is continued with new

temporary point and direction vector until the f th step
where Lf < p and consequently the point Poff is found
(e.g., f = 4 in Fig. 7(a)).

If the new point Ptemp.d is on a vertex or an edge of a
boundary, then similarly to point Pi, instead of follow-
ing the geodesic path that boundary is followed until
the point Poff is found. Thus, if the boundary in the
proceeding direction toward the point Poff , then this
point is always found on that boundary. Consequently,

the continuity of the offset path is not disrupted by that
boundary and no area on the surface is lost.

In Fig. 8, an example of generating offset points for

a curve on free-form surface is presented. In the parts
of the reference curve where there is no sharp turn, the

����

Fig. 9: Post-processed offset curves when the reference
curve has sharp turns on a free-form surface

resultant set of new points can constitute a smooth off-
set curve. But, in areas with sharp turns in the current
curve, as expected, the offset points may collide with
each other in the acute angle side. Therefore, after ob-
taining the offset points for the current curve, another
subroutine is needed to modify these points in the fol-
lowing steps:

1. Replacing the points of the offset curve which are
closer together than the threshold (e.g., p/50) with

a point located in their middle;
2. Deleting the offset points which are closer than a

specified minimal distance to the current curve. This

usually happens in the acute angle side of the cur-
rent curve (c.f. Fig. 8) or when the points are located
on the boundary;

3. Checking the angle between each pair of two consec-
utive points on the new path and detecting sharp
zigzags, turns, and loops caused by the tolerances
considered in this numerical approach. Then, either

modify or delete these points;
4. Comparing the distance between each pair of new

points with the upper limit presented in Eq. (1).

Then, if needed, new points are added to this curve
similarly to the reference curve.

After all these modifications, the final shape of the

new path is obtained. Then, it is connected to the pre-
viously generated paths to create the total trajectory.
Following this step, the algorithm uses the new path
as a current curve to repeat the same process and ob-
tain the next curve. This procedure is continued until
no offset curve can be found for the current path. As

an example, the offset paths generated considering the
reference curve with sharp turns shown in Fig. 8 are
illustrated in Fig. 9. Next, the algorithm returns to the
reference curve and with the same procedure obtains
all offset curves on the other side of the reference path.

The final single trajectory generated on the free-
form surfaces of a turbine blade, a channel, and a fil-
let (previously illustrated in Fig. 4c) are presented in
Figs. 10a-c. As it can be seen in these figures, the offset
distance is kept constant between all the offset curves,

except for the two distal ones on each side of the trajec-
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8 Hamed Khakpour et al.

(a)

(b)

(c)

Fig. 10: Single scanning path generated on the free-form
surface (a) of a turbine blade; (b) inside a channel with
irregular shape; (c) inside a fillet.

tory. The algorithm does this alteration intentionally to
adapt the configuration of these two end paths to the
shape of the boundary.

3.3 Dividing the original trajectory

In the path generation process, if the surface has ei-
ther concave parts in the outer boundary or internal

holes, the generated curves may not be continuous on
the surface and thus, they have to be divided into sev-
eral pieces. Examples of these situations are shown in
Fig. 11. These examples reveal that it is not always
possible to have a single continuous scanning path on
any arbitrary surface while a constant offset distance is
maintained.

Thus, another supplementary module is used to de-
tect these areas and divide the main trajectory into a
set of sub-trajectories which are properly adapted to the

surface. This module is made of two subroutines. The
first one checks for the discontinuous areas of the tra-

����

���

�

�

�

(a)

(b)

Fig. 11: Discontinuous scanning paths (highlighted by
red ellipses) generated on a surface with (a) a concave
boundary; (b) a concave boundary and two holes.

jectory. The second reconfigures the trajectory in these
areas to produce a new set of the trajectories.

The first subroutine takes the first point of the tra-
jectory and follows the path toward its other end and
searches for lines which are not located on the surface.

To find whether a line is on the surface or not, it evalu-
ates the length of that line and the location of its mid-
point. If this length is larger than a limit defined based

on the maximum distance of two consecutive points on
the generated path, the current line is eliminated from
the trajectory. Otherwise, the algorithm checks the lo-
cation of its midpoint. If this point is on the surface or if
it is not on the surface but its distance with the bound-
ary of the surface is less than a specified limit, then
the current line remains valid and the corresponding

point is considered in the current sub-trajectory. The
subroutine then proceeds with the next line segment.
If it is not accepted, the second subroutine is used to
search for the new connecting line. It takes this last
point and searches for the remaining points of the main
trajectory which are located within a specified distance.
When these points are found, they are sorted as either
located on the boundaries or inside the surface.

If the last point of the current sub-trajectory is lo-
cated inside the surface, then both of these groups of
points are considered. But if it is on a boundary, then
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(a)

(b)

Fig. 12: Dividing the original scanning path into con-
tinuous sub-trajectories for a surface with (a) a concave
boundary; (b) a concave boundary and two holes.

only the first group of points is taken into account.
Next, the subroutine does the same test on the new

line segments created by this last point and all those
points (i.e., checking their length and midpoint posi-
tion). Amongst valid line segments, the one with the

shortest distance is considered. When a new point is
accepted, the subroutine checks the main trajectory
from this point to its other end. Finding no connec-
tion point means the end of the current sub-trajectory.
Thus, again the same subroutines are used to obtain
other sub-trajectories from the remaining points of the
trajectory.

This modification is done for the surfaces previously
shown in Fig. 11 and the resultant sub-trajectories are
presented in Fig. 12. However, as it can be seen in these
figures, some sub-trajectories are quite short. The rea-
son for this is that the subroutine tries to use all the
generated points and does not discard them until no
more points remained around. Depending on the ap-
plication, these short sub-trajectories may be manually
ignored by the user.

4 Performance of the generated path in AWJP

The discused method is developed to generate trajecto-
ries for AWJP process. As mentioned in Section 2, for

the AWJP of a free-form surface, some particular re-
quirements are to be preserved. Since the shape of the
reference curve has a critical impact on the configura-
tion of the final trajectory, several options are consid-
ered to obtain this first curve. Also, in this algorithm
two indices are defined to evaluate the properties of the
surface and the generated path for the AWJP process.
They are the curvature index, Icurv, and the path in-
dex Ipath. The first one evaluates the curvature of the
surface and is defined as:

Icurv =
am
at

(
BL1

1
m

∑m
j=1 rk.min.BL1(j)

)
(5)

where at is the total area of the surface; am is approx-
imation of the area around the vertices on which the
minimum radius of curvature is less than its limit BL1
(e.g., BL1 = 6W ); rk.min.BL1(j) ∈ {rk.min(j) < BL1}
for j = 1, · · · ,m and rk.min(j) is the minimum radius
of curvature obtained using an osculating circle [25, 26]
around vertex vj considering its one-ring of neighbor-
hood and is defined as:

rk.min(j) = min

{
‖vi − vj‖2

nTj (vi − vj)

}
(6)

where vi is the position vector of the ith vertex in the

one-ring neighborhood and nj is the estimated surface
normal at j th vertex. With an ideal surface for AWJP
process, Icurv = 0, otherwise it has a value which is to

be minimized.
The second index evaluates the smoothness of the

generated path and is defined as:

Ipath=
Lp.q
Lp.t

(
q.BL2∑q

d=1 rpath.BL2(d)
+

∑q
d=1 θpath.BL3(d)

q.BL3

)
(7)

where Lp.t is the total length of the trajectory; Lp.q
is approximation of the length of trajectory where ei-
ther rpath or θpath exceed the desired limits, respectively
BL2 and BL3 (e.g., BL2 = 1.5W and BL3 = π/6).
Also, rpath.BL2(d) ∈ {rpath(d) < BL2} for d = 1, · · · , q
and θpath.BL3(d) ∈ {rpath(d) > BL3} for d = 1, · · · , q
which are calculated after projection of the two consec-
utive lines of the trajectory onto the tangential plane
attached to the free-form surface at their intersection
to eliminate the effect curvature of surface in this in-
vestigation. Again in ideal condition one has Ipath = 0.
The points which are located either on the boundary

or on the U turn parts of the scanning path are ex-
cluded from this evaluation. Indeed, in these locations,
the shape of the path depends on the shape of the
boundary and sharp turns might mandatorily exist in
these areas (e.g. U turns in the left and right sides of
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Table 2: Indices Icurv and Ipath measured for different
surfaces and trajectories.

Option Icurv Ipath

2-D path (Fig. 2) Boundary curve 0 0.3995
Turbine blade (Fig. 10) Furthest vertices 0.0239 0.0026
Channel (Fig. 10) Boundary curve 0.0116 0.0042
Fillet (Fig. 10) Boundary curve 0.9147 0
Surface (a) in Fig. 11 Furthest vertices 0 0.0183
Surface (b) in Fig. 11 Furthest vertices 0.0293 0.1892

the trajectory presented in Fig. 2). To solve this prob-
lem, either the polishing process can be stopped during
the U turns or, if possible, an augmented surface can
be used to generate the trajectory for the original sur-
face by extrapolating this surface beyond its current
boundaries.

Using Icurv, the algorithm evaluates the eligibility
of the desired surface to be polished with AWJP tech-
nique. Then, using Ipath, it estimates the performance
of the paths generated using several options in AWJP
process and finally selects the best one with minimum

Ipath. In Table 2 the values of these indices for the sur-
faces illustrated in Figs. 2, 10 and 11 are presented.
As can be seen in this table, with the examples shown
in Figs. 10 and 11, the values of Ipath are far smaller

than the one of the 2-D trajectory presented in Figs. 2.
However, for Surface (b) in Fig. 11, it is larger than the
others. This means that the existence of inner holes and

concave boundaries can lead to curved paths along the
trajectory which may decrease its efficiency in AWJP.
On the other hand, with the path generated on the fil-
let, all the limits are properly preserved and Ipath = 0

but the index Icurv is large and thus, a smaller nozzle
with shorter W would preferably be used.

5 Conclusions

In this paper, a modular method was presented to gen-

erate scanning paths for automated abrasive waterjet
polishing of free-form surfaces which are modeled by
triangular mesh. The method was developed to pro-
duce trajectories with a constant offset distance pre-
served between adjacent curves. For this, the particu-
lar requirements of this polishing technique to be pre-
served by the path generation technique were deter-
mined. Then, to generate these paths, through several
options, a reference curve was obtained. Afterwards,
using geodesic distances in specific directions, the lo-
cation of the points of the adjacent offset paths were
calculated. Finally, the algorithm checked the continu-
ity of the generated trajectory. If it passed beyond the

boundaries of the surface, it was then divided into a
set of continuous sub-trajectories. Finally, two indices

were defined to quantify the effect of the shape of the
free-form surface and the generated path on the unifor-
mity of the distribution of the abrasive waterjet on the
surface.
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