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In this paper, a new 3-DOF differentially-actuated cable
parallel robot is proposed. This mechanism has a hybrid
architecture and is driven by a prismatic actuator and
three cable differentials. Through this design, the idea of
using differentials in the structure of a spatial cable robot
is investigated and their differences with architectures
using individually-actuated cables are specified. Consid-
ering their particular properties, the kinematic analysis
of the robot and the relationship between the actuation
forces and the external wrench are presented. Then, two
indices are defined to evaluate the wrench closure and
wrench feasible workspaces of the robot. Using these in-
dices, the robot is subsequently optimized. Finally, the
performance of the optimized differentially-driven robot
is compared with fully-actuated mechanisms. The results
show that through a proper design methodology, the robot
can have a larger workspace and better performance us-
ing differentials than the fully-driven cable robots using
the same number of actuators.

Keywords: cable robot, differential mechanism, kine-
matic analysis, workspace, optimization.

1 Introduction

Due to the higher dexterity, larger payload and
greater precision of parallel robots over common se-
rial architectures, an abundant range of literature can
be found dedicated to this class of robotic manipula-
tors and many industrial applications are now com-
mon. These mechanisms are mainly categorized as ei-
ther cable-driven or linkage-driven parallel robots [1].
Cable-driven manipulators are a particular class of par-
allel mechanisms where the moving platform (MP) is

connected to the base platform (BP) through a set of
cables [2].

Compared to linkage-driven designs, cable robots
are usually less expensive, simpler, lighter, have low
friction/inertia, and larger workspace [3–8]. Because of
these properties, they can be used in areas where a dex-
terous machine with a very large reachable workspace is
demanded [9]. Several cable robots are now commercial-
ized and used in many fields (e.g., the ultrahigh speed
robot Falcon [10], Skycam [11], NIST Robocrane [12],
and Cablecam [13]). On the other hand, they suffer
from the unilateral and limited force in the cables, are
prone to vibrations, and the possibility of interferences
among cables. These issues can weaken their capability
to be used in some applications [4, 5, 9].

Since cables are flexible, they can only sustain ten-
sion but not compression [9]. Thus, n-DOF cable-driven
robots should have at least n+1 cables to fully constrain
and manipulate the MP [3, 10, 14]. It should be noted
that, using more cables, one can expect better perfor-
mance and larger workspace for these mechanisms as
reported in the literature [7, 9]. The unilateral nature
of cables also leads to some major differences between
the criteria considered in the analysis of cable-driven
and linkage-driven robots. One of them is the method
of calculation of their workspaces [1, 5, 7, 9].

Previously, different properties of cable-driven
mechanisms such as wrench closure and wrench feasible
workspaces (WCW & WFW), arrangement and inter-
ference of cables were at the center of attention of many
research initiatives. For instance, Pusey et al. [1] pre-
sented an incompletely restrained 6-6 cable-suspended
robot and considered the global dexterity as an index
(GDI) to optimize its workspace. Later, Fattah and
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Agrawal [9] proposed a similar analysis for the optimal
design of a cable-suspended planar robot, in which the
GDI and the area of the workspace were used as indices
to optimize the number of cables, size and geometry
of the MP. Shiang et al. [15] analyzed the kinematic
properties of a 3-DOF cable-suspended crane. In this
study, the flexibility of cables was considered to obtain
the equations of motion. Gouttefarde and Gosselin [8]
developed an algorithm to find the wrench-closure and
reachable workspaces of a planar cable robot. For this,
several theorems were presented to define the WCW of
this type of robot.

Also, Bouchard and Gosselin [2] introduced a ge-
ometrical approach to investigate the wrench-feasible
(WF) property of cable robots with two to six DOFs.
Mao and Agrawal [16] designed and manufactured a new
5-DOF cable-driven rehabilitation mechanism with ad-
justable cable connection points which has a light and
compact structure. The workspace of this device was
improved by optimizing the locations of the attachment
points of all cables.

With all these robots, an actuation redundancy
is necessary which significantly increases the cost and
makes it harder to control the robots. In general, since
the performances of these mechanisms are improved
by employing more cables, these drawbacks become a
painful burden. To overcome this issue, in this paper,
a new 3-DOF cable-driven mechanism is proposed in
which the MP is manipulated by three differentials in-
stead of a set of independently actuated cables. The
idea of using cable differentials in the structure of a
planar cable robot was presented and investigated by
the authors in [17]. In this paper, their impact on the
performance of a spatial architecture is analyzed. The
differentials considered in this paper are composed of
two cables simultaneously driven by a single actuator
through a differential mechanism. As described in [17]
for planar cases, this technique can be generalized by
using diverse numbers of cables with different arrange-
ments while few actuators are considered. Through the
comparison of this differentially-driven mechanism with
fully actuated solutions the authors reveal that by us-
ing differentials in the structure of this robot, its per-
formances are improved.

2 A New Differentially-driven Cable Robot
Differentials are widely used in many mechanical de-

vices to resolve an actuation source into two outputs or
combine two inputs into a single output. By definition,
they have two degrees of freedom [18, 19]. Thus, to pro-
duce more outputs, they have to be connected together
for instance in serial or parallel patterns [19]. Commonly
used examples of these mechanisms are bevel gear differ-
entials, planetary gear differential, seesaw mechanisms,
and tendon-pulley arrangements [20].

To illustrate the difference between differentially ac-
tuated cables and independently driven ones, two planar
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Fig. 1. Planar cable mechanisms actuated by (a) two independent
cables; (b) two cables driven by a differential
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Fig. 2. Direction of resultant force of the two cables of a differential
when its actuator is locked

cable mechanisms shown in Fig. 1 can be compared. In
Fig. 1 (a), a pair of cables connecting the MP to the BP
are controlled by two distinct actuators (the spring is
only used to maintain the tension force in the cables).
In this example, the cables and spring constrain the po-
sition of the MP. On the other hand, the cables of the
differential system depicted in Fig. 1 (b) have depen-
dent forces (with ideally equal magnitude). Thus, their
resultant force lies on a particular line (ideally again, on
the bisector of the two cables) and they can constrain
the MP only in one direction. Consequently, the MP
can move on a direction normal to this force. There-
fore, if the actuator is locked, the attachment point of
the cables on the MP will define an elliptical curve.

This property can be beneficial because, as illus-
trated in Fig. 2, the direction of the resultant force
is always normal to the curve of an imaginary ellipse.
When the attachments point of the cables on the MP
lies on point A (equidistant of points S1 and S2), the di-
rection of this force passes though the midpoint of line
S1S2. Then, this system acts as a single cable connected
at points A and D. On the other hand, if this attachment
point moves away from point A (e.g., towards points B
or C), the bisector of the two cables crosses the line S1S2
at points different than the midpoint D (e.g., points E
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Fig. 3. Schematic of the proposed 3-DOF differential cable-driven
robot

or F). This gives a unique property to differentials when
they are used in the structure of a cable driven robot,
namely to have variable virtual attachment points on
the BP.

The objective in designing a differentially-driven ca-
ble robot is to use differentially-driven cables in its ar-
chitecture to fully constrain its MP while the number of
the actuators is kept at minimum and more cables are
used. In the presented mechanism, an actuated pris-
matic joint similar to the one presented in [21] is used
to increase the stiffness of the robot and maintain the
cable tensions. As illustrated in Fig. 3, this robot is
cylindrically symmetric and the prismatic joint is con-
nected to the BP through a passive universal joint. It is
then rigidly connected to the MP in order for this robot
to have 3-DOF. The cables of the three differentials are
connecting the three vertices of the triangular MP to
the virtual cylindrical surface on the BP along three
lines parallel to the axis of this cylinder. Consequently,
the robot has four actuators (three in the differentials
and one in the prismatic joint) and is overconstrained.

In this robot, there are seven connections between
the MP and the BP, namely a prismatic joint and six
cables. These cables are driven by three differentials em-
bedded in the BP at points S1−S2, S3−S4, and S5−S6,
so that point Pi is connected to points S2i−1 and S2i via
the cables 2i− 1 and 2i. Note that the reason to se-
lect these pairs of cables to be differentially driven is to
maximize certain characteristics (which will be specified
later) related to the performance of this robot. Nev-
ertheless, other pair of cables can also be chosen but
the resulting performance would be actually weakened.
The schematics of one of these three identical single dif-
ferentials and its bevel gear mechanism are illustrated
in Fig. 4. As can be seen in this figure, each differen-
tial has a single actuator installed in the BP and drives
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Fig. 4. Schematic of: (a) a differentially actuated cable system; (b)
a typical bevel gear actuated differential
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Fig. 5. Typical differential made of a cable and pulley system

the two cables through a bevel gear differential mecha-
nism while the other sides of the cables are attached to
the MP. These three mechanisms are here referred to as
S1−P1−S2, S3−P2−S4, and S5−P3−S6.

It should be noted that, the introduced differential
can also be replaced by other types of differentials. For
example, a cable and pulley system can be used instead
of the bevel gear differential in order for the cable to be
attached to the BP at one end, passed through a pul-
ley (which is attached to the MP), and then, connected
to an actuator in the BP at its other end as illustrated
in Fig. 5. In this case, the actuator just produces the
tension of one side of the cable. But, due to the friction
in the pulley, the tension of the cable is not equal in
its two branches and therefore, the resultant force may
not lay on the bisector of the two cables. Thus, from
a kinematic point of view, this design yields uncertain
practical performances and consequently, is not consid-
ered in this paper.

3 Kinematic Analysis of the robot
3.1 Direct and inverse kinematic problems

The first step in the analysis of the robot is to solve
its direct and inverse kinematic problems (DKP & IKP).
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For this, the position vectors of the attachment points of
the cables on the BP with respect to the inertial frame
(centered in O, cf. Fig. 3), s0

j for j=1, · · · ,6, and on the
MP with respect to the local frame (centered in Pm, cf.
Fig. 3), pm

i for i=1, 2, 3, are considered.
Then, the positions of points P0

i with respect to the
inertial frame are found as:

p0
i = R0

mpm
i +p0

m for i=1, 2, 3, (1)

where p0
m = [x,y,z] is the position vector of the cen-

ter of the MP and R0
m is the rotation matrix of the

later expressed as R0
m = Rx(θ1)Ry(θ2), where Rx(θ1)

and Ry(θ2) are respectively the rotation matrix around
the x-axis of the inertial frame with an angle θ1, and
then, around the y-axis, with an angle θ2, of the result-
ing frame attached to the universal joint.

By considering e j for j = 1, · · · ,6 as unit vectors
along the cables from S j to Pi defined in the inertial
frame, and also knowing the position vector p0

m, the IKP
is solved as:

θ1 =−atan2(z,y) where θ1 ∈ [−π,π], (2a)

θ2 = arcsin(
x
l7

) where θ2 ∈ [−π

2
,

π

2
], (2b)

l j =
∥∥s0

j −p0
i
∥∥ for

j =1, 2 if i=1
j =3, 4 if i=2
j =5, 6 if i=3

and l7 =
∥∥p0

m
∥∥ , (2c)

la1 = l1 + l2, la2 = l3 + l4, la3 = l5 + l6, (2d)

where l7 is the length of the prismatic joint, l j for
j = 1, · · · ,6 is the length of the jth cable and lai for
i = 1, 2, 3 is the total length of the cables driven by
the ith differential.

In the DKP, the total length of the cables of the
differentials, lai, and the prismatic joint, l7 are known
and the position and orientation of the MP should be
found. Since the robot is overconstrained, the DKP is
defined by an over-determined system of equations. To
solve this problem a numerical method such as a gradi-
ent descend method can be used.

3.2 Direct and inverse velocity problems
To obtain the relationships between the twist of the

MP and the actuated joint rates, the Jacobian matrix of
the robot must be defined. This matrix can be readily
obtained by taking the derivatives of the position vec-
tors p0

i . Knowing the twist of the MP at the point Pm,

the inverse velocity problem (IVP) of this mechanism is
solved as:



l̇1
l̇2
l̇3
l̇4
l̇5
l̇6
l̇7


=



eT
1 (p0

1×e1)T

eT
2 (p0

1×e2)T

eT
3 (p0

2×e3)T

eT
4 (p0

2×e4)T

eT
5 (p0

3×e5)T

eT
6 (p0

3×e6)T

eT
7 01×3


[
v‖

ω

]
↔ l̇=Jt, (3)

where l̇ j for j = 1, · · · ,7 are the length change rates of
the six cables and the prismatic joint; l̇ and t are re-
spectively the vectors of the joint rates and the twist;
v and ω are respectively the linear and angular velocity
vectors of the MP at the point Pm and v‖=e7e

T
7 v. Since

the robot only has 3 DOF, the vectors v and ω are re-
lated. To find this, by projecting the vector v onto a
plane with normal of e7 and calculating the derivative
of position vector pm = l7e7, the passive joint rates (in
the universal joint) are obtained as:

θ̇1 =

−v⊥y
l7

+ θ̇2sθ1sθ2

cθ1cθ2

and θ̇2 =
v⊥x

l7cθ2

, (4)

where v⊥x and v⊥y respectively denote x and y components

of the vector v⊥=(I3×3−e7e
T
7 )v. Next,the angular ve-

locity is found as:

ω =

 θ̇1
θ̇2cθ1

θ̇2sθ1

 . (5)

The linear velocities of the actuators of the differ-
entials (i.e., the displacement rates of the two cables
of each differential) are then found as l̇a = Tl̇ where
l̇a = [l̇a1 l̇a2 l̇a3 l̇7]T is the vector of actuation rates and
matrix T is found from Eq. (2d) as:

T =


1 1 0 0 0 0 0
0 0 1 1 0 0 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1

 . (6)

Finally, the IVP can be solved as:
l̇a1
l̇a2
l̇a3
l̇7

=


eT

1+eT
2 (p0

1×(e1+e2))T

eT
3+eT

4 (p0
2×(e3+e4))T

eT
5+eT

6 (p0
3×(e5+e6))T

eT
7 01×3

[v‖ω
]
. (7)

The first matrix in the right hand side of Eq. (7) is
referred to as a modified Jacobian, Jm, particular to the
proposed differential cable-driven robot.
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The direct velocity problem (DVP) aims at finding
the twist of the MP when the joint rates are known.
Considering Eqs. (4), (5) and (7) and knowing the con-
figuration of the robot, there are four equations and
three unknowns (i.e., the components of v). Therefore,
if one of these equations is dependent to the others then
there is a solution, otherwise, that vector of joint rates
l̇ is deemed not feasible.

3.3 Actuation forces and output wrench rela-
tionships

The tension matrix of a cable robot is defined as
A = JT [9]. Using the principle of virtual work the re-
lationship between the forces in the cables and the pris-
matic joint of the robot and the corresponding wrench
at its MP is:

Af = w, (8)

where f and w are respectively the vectors describing
the tension forces and the wrench. They are defined as:

f =
[
t1 t2 t3 t4 t5 t6 t7

]T
and w =

[
fT

w nT
w
]T

, (9)

where t j for j =1, · · · ,6 is the magnitude of the force in
the jth cable and t7 is the magnitude of the force in the
prismatic joint. Also, fw and nw are respectively the
vectors of force and torque exerted to the MP at the
point Pm. In a frictionless ideal case, the bevel gear sys-
tem can produce equal tensions on both cables in each
differential, i.e., t1 = t2, t3 = t4 and t5 = t6. Consequently,

vector f can be changed to f =
[
t1 t1 t3 t3 t5 t5 t7

]T
.

The total torque to be generated by the actua-
tors of the differentials are τa1 = 2rgt1, τa2 = 2rgt3, and
τa3 = 2rgt5 where rg is the gear ratio. Additionally, with
this robot, the resultant force of the cables of each dif-
ferential is considered to characterize its performance.
Therefore, similar to the velocity problem and using the
modified Jacobian, Eq. (8) is changed to:

Amfm = w, (10)

where Am = JT
m and fm = [t1 t3 t5 t7]T . This robot is a

3-DOF mechanism (with two rotations and one transla-
tion) and works in a three dimensional space. On the
other hand, an external wrench imposed to this robot
as well as the resultant force and torque generated by
the three differentials and the prismatic joint can have
arbitrary directions. Indeed, considering the constraint
exerted by the universal joint to the MP, the wrench
that should be resisted by the actuators is limited to
a force in the direction of e7 and a torque on a plane
created by two cross axes of the universal joint with a

normal defined as eU =
[
0 −sθ1 cθ1

]T
[22]. Therefore,

to eliminate the components of the force and torque vec-
tors which are passively resisted by the universal joint
not the actuators, they are projected to the relevant
directions using the matrix C defined as:

C =

[
e7e

T
7 03×3

03×3 I3×3−eUeT
U

]
6×6

. (11)

Then, if the vector fm is known, by using the matrix
C, the left hand side of Eq. (10) is projected onto the
specific directions so that the vector w which is not com-
pensated by the passive reaction of the universal joint
is found as:

CAmfm = w. (12)

On the other hand, if an arbitrary external wrench
vector, wa, is exerted to the MP and the vector fm is to
be found, this wrench should be first mapped into the
directions controlled by the actuators, namely:

Amfm = Cwa. (13)

In Eqs. (12) and (13), the projection matrix C is
used to take into account the components of the vectors
of these equations in the actuated directions. Thus, one
cannot compute any of these equations from the other.
Any vector which has the same component in these di-
rections would be a possible solution for these equations
(either the generated wrench on the MP on the right
hand side of Eq. (12) or the cable tensions in the left
hand side of Eq. (13)). The other components of these
vectors are resisted by the passive support of the robot.

Finding the resultant wrench using Eq. (12) is
straightforward while in Eq. (13), there appears to be
six equations and four variables. However, due to the
constraints of the robot, there are only three indepen-
dent equations. Therefore, this is an underdetermined
system of equations. To solve this problem the WF con-
dition is used. In this approach, it is assumed that one
of the variables is known. Then, the three other vari-
ables are parametrically calculated. Next, the minimal
and maximal allowed tensions in the cables are consid-
ered so that the minimum value is set for a cable which
has the lowest tension while the tensions of the others
should not exceed the maximum value. If such a force
vector fm is found, then, that wrench can be resisted by
this robot.

The support of the robot (constituted by the univer-
sal joint) must be able to resist all the forces and torques
applied by the actuators as well as an external wrench.
To calculate this, it is assumed that an arbitrary wrench
wa is exerted to the MP and the actuation force vector
fm is found from Eq. (13). Then, the wrench imposed
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to the support is found as:

ws = C′(wa−Amfm)+

[
t7e7
03×1

]
. (14)

The support wrench vector ws and the projection
matrix C′ are defined as:

ws =
[
fT

s nT
s
]T

, (15)

C′ =

[
I3×3 03×3
03×3 eUeT

U

]
6×6

, (16)

where f s and ns are respectively the vectors of resultant
force and torque exerted to the support of the robot.

3.4 Workspace of the robot
Usually in the literature, two types of workspaces

are defined for a cable-driven robot i.e., the WCW and
WFW [5]. The WCW is a volume where the MP of
the robot can be located and regardless of the exerted
wrench, all its cables are in tension. The WFW is a
subset of WCW where all cable tensions are within a
specified range.

To find the WCW of the proposed robot, the dis-
tribution of the forces and torques produced by the
actuators onto its MP must be investigated. These
force/torque vectors should be able to span all direc-
tions in the considered n-D force/torque workspace to
be able to produce any arbitrary wrench. To evaluate
this for the forces, the unit vectors along the resultant
force vector created by each differential at the MP and
the prismatic joint (which can be either under compres-
sion or tension) are used to define a convex polyhedron.
The starting points of these vectors are attached to the
origin of the force workspace and their end points define
the vertices of this polyhedron. Then, all these vertices
are mapped onto a line which passes through the origin
of this space and is parallel to e7 (i.e. ℜ3 → ℜ1). If
the origin is located between the two projected vertices
most far apart, then, the robot can generate any arbi-
trary force along e7 in that specific configuration. The
four unit vectors are:

ui =−
e2i−1+e2i

‖e2i−1+e2i‖
for i=1, 2, 3 and u4 =βe7, (17)

where β = −1 or 1 depending on the direction of the
force in the prismatic joint for each configuration of the
robot. In the same way, by considering the unit vectors
along the resultant torque vectors of the differentials
(the prismatic joint cannot exert any torque on the MP)
and projecting them onto a plane with normal eU , the

wrench closure (WC) condition can be investigated for
the torques. The unit vectors are defined by:

vi =
p0

i×e2i−1+p0
i×e2i∥∥p0

i×e2i−1+p0
i×e2i

∥∥ for i=1, 2, 3. (18)

To check the WC condition for the forces in each
pose of the robot, first the vectors u′i = e7e

T
7 ui for i =

1, · · · ,4 are obtained. Then, the dot products hi = eT
7 u′i

for i = 1, · · · ,4 are calculated. Next, if there is at least
one change in the sign of hi then, the force-closure con-
dition is satisfied. For the torques, first, the mapped
vectors v′i =(I3×3−eUeT

U )vi are computed. Afterwards,
a procedure similar to the one introduced in [5] is used.
Namely, the cross product of the unit vectors v′i are ob-
tained as mi j = v′i×v′j for i, j =1, 2, 3 and i 6= j. Then,

ki j = eT
Umi j is calculated. Finally, if for each mi j there is

at least one change in the sign of ki j, then, this condition
is satisfied and if this happens simultaneously for both
the force and torque vectors, that configuration belongs
to the WCW of this robot.

To obtain the WFW, a geometrical method simi-
lar to the one proposed in [2] is used. This procedure
is again implemented separately for the force and the
torque vectors. For the force analysis, the tensions of
all cables are desired to be between tmin and tmax. Then,
vectors ∆ti =−(tmax− tmin)(e2i−1+e2i) for i=1, 2, 3 and

∆t4 = β(t
′
max− t

′
min)e7 are considered respectively for the

three differentials and the prismatic joint. Afterwards,
similarly to the vectors ui, the vectors ∆ti are projected
onto the direction of the vector e7 as ∆t′i = e7e

T
7 ∆ti for

i = 1, · · · ,4. Next, these vectors are used to generate
a zonotope (a convex polytope with parallel edges [2])
which here is turned to a line segment and is used to
calculate the WFW of the robot.

To produce this zone, first, the vectors ∆t′i for i =
1, · · · ,4 are considered as a set of line segments. Next,
their Minkowski sum [2] is calculated. Then, the vectors
timin =−tmin(e2i−1+e2i) for i=1, 2, 3 and t4min =βt ′mine7 are
used to modify the zonotope and obtain its final shape.
The zone inside this polytope is found as [2]:

Z f = α1∆t′1⊕α2∆t′2⊕·· ·⊕α4∆t′4 +
4

∑
i=1

e7e
T
7 timin , (19)

where αi ∈ [0,1] for i=1, · · · ,4, and the symbol ⊕ repre-
sents the Minkowski sum of line segments. Finally, the
magnitude of the largest force vector that can be located
in any direction inside this one-dimensional zone while
its origin coincides with the origin of the zone, is the
magnitude of the maximal allowable force.

A similar procedure is followed to obtain the max-
imal permissible torque. For this, vectors ∆τi = (tmax−
tmin)p0

i×(e2i−1+e2i) for i=1, 2, 3 are calculated and sim-
ilar to the vectors vi, they are projected onto a plane
with normal eU as ∆τ′i = (I3×3−eUeT

U )∆τi to create a two
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Fig. 6. (a) Seven line segments representing the base vectors of
the zonotope and all nodes created by Minkowski sum of these lines;
(b) Zonotope made of the nodes creating the boundary of the zone

dimensional zonotope. At the end, the final location of
this geometry is obtained by using the vectors of min-
imal torques as τimin = tminp

0
i×(e2i−1+e2i) for i = 1, 2, 3.

This two-dimensional zone is defined by:

Zτ = γ1∆τ
′
1⊕ γ2∆τ

′
2⊕ γ3∆τ

′
3 +

3

∑
i=1

(I3×3−eUeT
U )τimin , (20)

where γi ∈ [0,1] for i=1, 2, 3. Finally, the radius of the
largest circle which can be located inside the resultant
two dimensional polytope with its center fixed to the
origin of the geometry, is the magnitude of the maximum
torque that can be resisted by the mechanism. If the
maximum magnitude of both force and torque are larger
than their specified minimally allowable values, then,
that pose belongs to the WFW of the robot. In Fig. 6,
an example of a three-dimensional zonotope created by
seven vectors is presented.

4 Defining the characteristic indices

The proposed robot is assumed to work in a cylin-
drical workspace with a radius rc and a height hc. As
shown in Fig. 7, the base of this cylinder is parallel to the
BP plane and is located at a distance dc from it. To op-
timize the performance of this robot, different aspects of
its performance should be measured. In this paper, two
measures are taken into account, namely, the size of the
WCW and WFW. The investigation of these properties
is performed via defining two dimensionless indices.

WCW: evaluated by an index IWCW . This index is
defined as the ratio between the volume of the concep-
tual cylinder and the sum of the volumes of this cylinder
and the WCW of the robot, namely:

IWCW =
c

c + q
, (21)

rc

hc

dc

Fig. 7. Conceptual cylinder representing the volume in which the
robot works

Table 1. Values of all parameters used in the optimization process

Parameters Values Parameters Values

a 60 cm tmin 10 N

d 90 cm tmax 100 N

rc 40 cm t
′
min 0 N

hc 120 cm t
′
max 600 N

dc 30 cm fmin 400 N

nmin 90 N.m

a1 3 Range for b [5,30] cm

a2 1 Range for c [0,60] cm

where c and q are the volume of respectively the cylinder
and the WCW.

WFW: measured by the index IWFW which is de-
fined as:

IWFW =
c

c + m
(

fmin

fmin + 1
m
∫

m fidv
+

nmin

nmin + 1
m
∫

m nidv
), (22)

where m is the volume of the WFW; fi and ni are respec-
tively the maximum feasible force and torque for each
position of the MP in the WFW; also, fmin and nmin
are respectively the specified minimal amount of force
and torque the robot should be able to resist inside its
WFW. The terms inside the parentheses in Eq. (22)
show the normalized ratios between fmin/nmin and the
average values of the maximum feasible force/torque in-
side the WFW. This index considers both the volume of
the WFW and the magnitude of the maximal permissi-
ble force and torque for all points in this workspace.

5 Optimization and the results
The main objective in the optimization of the robot

is to improve the performance of its three differentials
to have a larger workspace. For this, the two indices
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Table 2. Resultants of the optimization process

Variables Values Dimensions

c 16.51 cm

b 5.00 cm

and the conceptual cylinder are used to obtain the best
set of design parameters. With this robot, the dimen-
sions of the BP, i.e., a and d are assumed to be fixed
while the dimension of the MP and the distance be-
tween two points of each differential (i.e. S2i−1 and S2i
for i=1, 2, 3), respectively b and c are to be found (c.f.
Fig. 3). Considering the design limits of the robot, two
boundaries are considered for these two goal parameters.
In this process, the objective function to be minimized
is defined as:

FGA = a1IWCW + a2IWFW , (23)

where a1 and a2 are weight coefficients. The input pa-
rameters of the optimization procedure re the dimen-
sions of the conceptual cylinder and the BP, the bound-
aries of the cables tensions and the force in the pris-
matic joint, and finally the minimum amount of force
and torque the robot should resist inside its WFW.

To optimize this robot, a genetic algorithm (GA)
which is embedded in a commercial numerical software
is used. The chosen values of all input parameters and
the boundaries are presented in Table 1.

Since the WFW is a subset of the WCW and its
volume depends on the minimum permissible force fmin
and torque nmin (which are user defined parameters),
with larger WCW the robot has the potential of having
bigger WFW. Therefore, in this paper, a larger weight
coefficient is considered for the WCW in the objective
function.

Considering all these values, a GA with 120 indi-
viduals and 100 generations is run. The results of the
optimization are presented in Table 2 and the schematic
of the optimized robot in an arbitrary position inside its
workspace is illustrated in Fig. 8.

As can be seen in Table 2, the GA found the best
value for b exactly at the lower boundary. The same op-
timization with no boundary for b shows that this value
is close to zero which is physically impractical. The rea-
son for this is that in the areas of the cylinder close to
each of the differentials, with smaller value of b, there
is a smaller angle between the cables of that differential
and so these cables can produce larger resultant force.
Thus, the get rid of this problem a minimum boundary
is considered.

Finally, this optimization reveals that the effects of
using differential in a cable robot is a trade off between
the expansion of the range of changes in the direction

−50
0

50 −50

0

50

0

50

100

Cables

BP
o

MP
Pm

4S

X

Y

Z

3S

2S

1S
6S

5S

Fig. 8. Schematic of the optimized robot in an arbitrary location in-
side its workspace

of resultant force vector of each differential (which im-
proves the both WCW and WFW) and the increase of
the angle between their cables (which weakens the max-
imum value of the resultant force and so decreases the
WFW).

6 Comparing the proposed differential cable
robot with two fully actuated ones

In this section, to investigate the effect of using dif-
ferentials in the structure of a cable robot, the opti-
mized differentially actuated robot, referred to as 6-3-
differential (with 6 cables and 3 actuators), is first com-
pared with two fully actuated designs. The first mecha-
nism has an architecture similar to the proposed robot
but it is driven by three single cables instead of three
differentials. The schematic of this robot which is here
referred to as 3-3-full is illustrated in Fig. 9. The sec-
ond fully actuated robot, called 6-6-full, has the same
structure as the differential cable robot shown in Fig. 3,
but all its cables are independently actuated.

This comparison is implemented for the two
workspaces (WCW and WFW) of these robots. To do
this, by taking the parameters of Tables 1 and 2 , the
indices IWCW and IWFW as well as the ratios between the
volumes of these workspaces (i.e. respectively vWCW and
vWFW ) and the volume of the cylinder vc are measured
and the results are presented in Table 3.

As can be seen in this table, with the same values
for the design parameters, the two indices of the 6-3-
differential cable robot are smaller (i.e. better) than the
ones of the 3-3-full mechanism. This means that using
differentials, while the number of actuators are kept at
minimum (three in this case) one can expect a larger
wrench closure and wrench feasible workspaces (which
can also be seen as the ratios vWCW

vc
and vWFW

vc
in Table

3). This improvement is obtained as a result of two
phenomena, i.e.:
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Fig. 9. Schematic of the 3-3-full cable robot with three indepen-
dently actuated cables

Table 3. Comparing the performance of differential cable-driven
robot with other mechanisms

Robot type
WCW WFW

IWCW
vWCW

vc
IWFW

vWFW
vc

3-3-full cable robot 0.6194 0.6146 2 0

6-3-double cable robot 0.6194 0.6146 0.8473 0.0710

6-3-differential cable

robot

0.6157 0.6241 0.8499 0.0705

6-6-full cable robot 0.5855 0.7081 0.8463 0.0731

1. The capability of using more cables with the same
actuator via differentials;

2. The change in the direction of the resultant force of
the cables of each differential (c.f. Fig. 2).

On the other hand, as one expected, these indices
are even smaller with the 6-6-full robot than with the
differentially actuated one. This shows that although
the same number of cables is used in both architectures,
due to the limits in the direction of the resultant force of
the differentials, the 6-3-differential robot cannot have
workspaces as large as the fully actuated one.

Next, a similar comparison is done between the op-
timized robot and another fully actuated mechanism
which is here referred to as 6-3-double cable robot with
the same architecture of 3-3-full but with two parallel
cables attached to each other (to account for a thicker
cable), i.e. c = 0. The results of this comparison are
shown in Table 3. It seems that the optimized robot
has a larger WCW but smaller WFW. Because in the
6-3-double mechanism, the angle between two cables is
always zero and the magnitude of the resultant force is
the scalar sum of the forces of the two cables. Never-
theless, as previously discussed, having greater WCW is
more important than having larger WFW. Besides, the

concept of using differential can also be valid for 3-3-
double cable robot so that by using the cable and pulley
differential presented in Fig. 5 one can increase the load
capacity of the robot while the kinematic properties of
the mechanism is the same as the 3-3-full manipulator.

7 Conclusions
This paper proposed a new 3-DOF cable parallel

robot which is actuated by differentials instead of inde-
pendent cables. This robot has a hybrid structure in
which the MP is driven by four actuators, one is a pris-
matic joint and three others are connected to three dif-
ferentials to drive six cables. For this, first the effects of
using differentials on the forces exerted by the six cables
on the MP were investigated. It was shown that, instead
of the force and torque vectors produced by each single
cable, the resultant force and torque vectors of the ca-
bles of each differential should be used. Next, the kine-
matic analysis of the robot was presented. Afterwards,
to evaluate the two workspaces of the robot, the indices
IWCW and IWFW were defined. By implementing the Ge-
netic algorithm method and considering these indices,
the performance of the robot was optimized. Then, the
workspaces of the optimized differentially-driven robot
were compared with the ones of fully actuated mecha-
nisms. The results showed that through a proper design
and using differentials, the robot can have larger WCW
and WFW with respect to the mechanism with the same
number of actuators driving independent cables.
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